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Foreword 
We hope that you, as friends and colleagues, along with your families and your loved ones, 

are all in good health and good spirits. 

The Research Journal of Mathematics and Technology (RJMT) is a printed forum for the 

publication of selected papers from the Electronic Journal of Mathematics and Technology 

(eJMT: http://ejmt.mathandtech.org/). One of eJMT’s goals is to publish peer-reviewed 

papers demonstrating how “technology” can be utilized to make mathematics and its 

applications fun (F), accessible (A), challenging (C), and theoretical (T).  

The first four papers of this issue are from the October 2025 eJMT issue. The last two are 

from the February 2026 eJMT issue. As you read these six papers, you will see discussions of 

different areas of mathematics using various technologies. There are several papers exploring 

the innovative use of technological tools in discovering mathematics. We hope these creative 

ways of experimenting with mathematics will be beneficial to you and your students. As you 

do so, we encourage you to write about your experiences for future issues of eJMT. 

Instructions for preparing and submitting papers to eJMT can be found online at 

https://ejmt.mathandtech.org/SubmissionGuidelines.html. 

As this edition of RJMT is being prepared, we are planning the 31st ATCM (Asian 

Technology Conference in Mathematics: https://atcm.mathandtech.org/) to be held in hybrid 

format from December 12-15, 2026, which is to be held at the University of Coimbra, 

Department of Mathematics, Portugal. Thank you all for your continued support of eJMT, 

RJMT, and ATCM. 

 

Mirosław Majewski Wei-Ch Yang 

Guest Editor         Editor-in-chief 
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A Research on the Effects of Using 3D Dynamic
Geometry Software as Learning Material of the

Cross-Section of a Cube for Junior High School Students

Makoto HANDA
e-mail tjk handa@tjk.jp

Tokyo Jogakkan Middle & High School, Japan

Abstract

Since 2022, one ICT device per student has been available at junior high schools in Japan.
However, the use of ICT in mathematics education in Japan is still low. In this research, we
asked first-year junior high school students to consider the cutting plane of a cube using 3D
dynamic geometry software in the teaching of spatial figures. We confirmed that the students’
knowledge and skills of the cubic cutting plane improved when they operated the 3D dynamic
geometry software independently while consulting with each other. On the other hand, regarding
students’ development of ”thinking, judgment, and expression skills” we found that the students
were visually misled at the stage of drawing 3-D figures on a flat surface.

1 Introduction
In the research of figures in the mathematics department of junior high schools in Japan, 3-D figures
are mainly taught in the first grade of junior high school. The Courses of Study for Junior High
Schools published in 2017 demands students to acquire some aims. It defines the aim of knowledge
and skills as understanding the positional relationship of lines and planes in space. Also, it defines
the aim of thinking ability as finding the nature of 3-D figures and expressing them on the plane by
themselves. ([7], p.78)

1.1 Mathematics instruction in a one-student-one-unit environment
The Japanese Ministry of Education, Culture, Sports, Science and Technology (MEXT) initially
planned to achieve a goal of one ICT device per student by 2023. Due to the Covid pandemic,
the learning environment that promotes achieving this goal was established at all junior high schools
nationwide rapidly. ([8], p.4). However, ICT has not been utilized in mathematics classes in Japan.

The first supplementary budget for FY2009 and other measures increased the penetration rate of
electronic blackboards in public schools, and ”there is an undeniable sense that the improvement of
mathematics teachers’ instruction using ICT has shifted from the effective use of digital teaching
materials such as learning materials and software to the improvement of instruction through the use
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of electronic blackboards as presentation devices.” ([18], p.2), Yasuno (2019) points out. Even in an
environment in which each student has one terminal, the use of ICT by mathematics teachers is still
not active.

Tani and Yanagimoto (2017) note that ”in Japanese secondary education, there are very few situa-
tions in which ICT is used in textbooks, and the types of ICT handled are very few. ([15], pp.18-19).
Although, in Japan, practical research on mathematics education using graphing calculators has been
conducted since the 1990s. Onishi (2015) points out that ”Japan is one of the world’s leading coun-
tries in the production of ICT equipment, but the reality is that ICT equipment is rarely utilized in
mathematics classes.”([12], pp.77-78)

However, by 2022, a learning environment where each student has one ICT terminal has been
established nationwide. It is about time mathematics teachers in Japan utilized ICT as a material that
makes students learn mathematics effectively. Until 2000, it had been hard for students to under-
stand some figures especially 3D figures, by using ICT applications. After 2010, ICT function has
improved, and 3D figures are operated easily on ICT. Therefore, this research examines the effective-
ness of using ICT, focusing on the instruction of 3D figures.

1.2 Considerations for teaching 3D geometry and the use of ICT
Kinoshita et al. (2020) analyzed the solution strategies of learners who solve 3-D figure tasks us-
ing three media (real objects, tablets, and paper), not only through behavioral observation, but also
through experiments measuring brain activity and eye movement. As one of the results, they point out
that ”we need to be very careful about teaching methods that easily use tablet materials as a substitute
for real materials” ([4], p.96). However, Kinoshita et al. (2020) did not clarify what kind of tablet
materials were used in their research.

Aoki et al. (2021) clarified the process of learners’ problem solving when performing a cube
cutting task by measuring their eye movement. As one of the results, they revealed that ”the wrong
answers show difficulty in identifying a point that is not visible” ([1], 2021, p.128). From this point of
view, ”it is important to combine the enhancement of opportunities for manipulative activities using
3D teaching materials and 3D teaching materials using tablets, etc., depending on the situation” ([1],
pp.128-129).

Yamada and Tsukamoto (2012) noted that by utilizing ICT in the teaching of cube floor plans,
”the students were able to break free from the biased viewpoint that they had been able to see only
from a certain direction by understanding that the viewpoint could be moved by the computer.” ([16],
p.43) and ”the activity to confirm the change of viewpoint by computer was effective” ([16], p.43).
However, they do not mention instruction regarding the cutting plane of the cube.

Iijima (2021) states that ”when the subject is considered to be the students or a group of students,
learning in which ICT is positioned as a tool for activating inquiry and dialogue should be given equal
or greater importance than passive learning” ([2],p.22). author think that the aim is to encourage
dialogue with others through the use of ICT and to have students explore the nature of mathematics.

Shimizu and Kakihana (1999) stated that teaching students to draw their own diagrams using
Cabri, a graphic learning software, ”is an effective method that leads to independent learning.” ([14],
pp.56-58). This is a research of drawing instruction of plane figures, but it does not mention whether
the use of ICT in teaching 3-D figures also fosters students’ independent learning attitudes.

Juandi et al. (2021) analyzed the effectiveness of Dynamic Geometry Software (hereinafter re-
ferred to as the DGS) by reviewing various research papers on mathematics learning. As a result,
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Juandi et al. (2021) state ”The results of the analysis reveal that the use of DGS has a high positive
impact on students’ math abilities.” ([3], p.29). In mathematics education in Japan, the use of ICT to
develop lessons that investigate mathematics is still not very active, but it is clear that mathematics
learning using DGS is an approach that is needed even from an international perspective.

Marasabessy and Helsa (2024) claim ”This present study has estimated that the utilization of Ge-
oGebra software in geometry lesson provides positive strong effect toward the cultivation of spatial
visualization of students. Moreover, it can be justified that significantly GeoGebra-assisted geometry
lesson cultivates students’ spatial visualization skills.” ([6], pp.11-12). However, if the use of GeoGe-
bra can help to improve spatial visualization capabilities, we believe that it can also be used in the
consideration of cubic cut surfaces.

2 Purpose of the research
In Japanese mathematics textbooks, there is a lesson called ”B Figures”. It aims for first-year junior
high school students to understand the positional relationship of lines and planes in space and to
calculate the surface area and volume of a solid object, (see [9], p.4). Since1998, the treatment of the
cutting surfaces of cube was removed.

2.1 Purpose of this research
In the Courses of Study published in 2017, the content for the first grade lists ”knowing the positional
relationship of lines and planes in space” in terms of knowledge and skills as one of the matters to be
acquired through mathematical activities related to spatial figures ([7], p.78). As part of this ”knowing
the positional relationships of lines and planes in space”, students are required to ”know the positional
relationships of lines and planes in space”. we focused on considering the cutting plane of a cube.
Cutting cubes is not covered in the 2017 Courses of Study. Although it was once considered too
difficult to handle and was reduced in the past, the author thought that it would be possible to study
the cutting plane of a cube using ICT.

In this research, ICT is used in the mathematics classroom to encourage students to intuitively
grasp numbers and perform exploratory activities related to the cutting plane of a cube. Specifically,
first-year junior high school students are taught about cubic cutting planes using DGS. ICT is used in-
stead of relying on manipulative activities with 3D models when thinking about cubic sectional planes.
If the learning effect can be demonstrated in a class using GeoGebra Classic Ver.6.0718(hereinafter
referred to as GeoGebra) as a 3D-DGS, ICT can be used in mathematics education in Japan. If we
can demonstrate the learning effects of teaching using 3D-DGS, we can show the necessity of using
ICT in mathematics education in Japan for further exploration and consideration of mathematics. We
believe that the importance of this research can be demonstrated.

Before conducting this activity, we will conduct a pre-survey to assess students’ understanding
of the section plane of a cube. Then, a post-survey will be administered after the class has practiced
using 3D-DGS. In the post-survey, students will be asked to work on problems similar to those in
the pre-survey to see if their understanding of cubic cutting planes has deepened. The results of
the pre-survey and post-survey are compared quantitatively. The purpose of this comparison is to
see if students’ understanding of the cubic section plane is improved by having them manipulate the
3D-DGS independently. In addition, we will qualitatively examine whether there was a change in
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students’ attitudes toward learning about the cubic section plane, based on students’ presentations
through the mathematical activities and their impressions after the class.

3 Research Methods
This research was conducted from late September to early October 2023 for approximately two weeks,
five hours per week. The school where the research was conducted mainly used a non-examined
textbook, ”Systematic Mathematics 1 Geometry” (hereafter referred to as ”Systematic Mathematics”).
In this practice, the latter two hours were used for worksheets (hereinafter referred to as ”WS”).

3.1 Target students
The target students were a total of 77 students in two first-year junior high school classes at a private
integrated girls’ junior and senior high school in Tokyo, Japan. Both classes were organized so that
there would be no bias in academic ability based on the results of an entrance examination. When
students enroll in the school, their parents or guardians give written consent for them to participate in
the recording and presentation of their learning activities. Therefore, there are no ethical problems.

Each year, an iPad is purchased for each student as they enter their first year of junior high school.
In the year 2023 students who entered the school purchased an Apple iPad, 9th Generation Wi-Fi
model A2602. The iPads are kitted out with the necessary applications installed and configured for
easy use within the school. Each student who will be using the dynamic geometry software also owns
one of these iPads. Microsoft Teams (hereinafter referred to as ”Teams”) and GeoGebra are installed
on them. In this practice, we will use GeoGebra as the 3D dynamic geometry software. In addition,
author will use Teams to share files of teaching materials and to encourage students to respond to
questionnaires.

3.2 Class Flow
In the class, ”Systematic Mathematics” was used. Chapter 2, ”Spatial Figures,” was taught in the
following order: Section 1, ”Various solids,” Section 2, ”Planes and lines in space,” and Section 3,
”Various ways of looking at solids. Section 3 deals with the cross-section of a cube. In the text of the
textbook, it is only described in half of a page.

Before beginning the instruction on the cross-section of a cube, the students are asked to answer
six questions on the cross-section of a cube in a quiz. This was a pre-survey, and the students had
about 10 minutes to answer the questions. The teacher then gave explanations and had the students
grade their own answers, and collected them. In the WS, author shared the GeoGebra file (Figure 1)
prepared by the author in advance on Teams, and each student downloaded the file and manipulated
it on her own terminal to examine it. After the WS instruction, a quiz (6 similar questions about
the cross-section of a cube) was given again. This was a post-survey, and the students had about 10
minutes to answer the questions. The teacher gave explanations and allowed the students to grade
themselves, and then collected the answers. Finally, the students were asked to give their impressions
of the class on cubic sections. The students were asked to fill in their impressions by answering a
questionnaire on Teams during class time.
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Figure 1: Cube shared in Teams

3.3 Methods of Verification
The purpose of this research is to verify the objectives of Chapter 2 by comparing the results of the
pre-survey and the post-survey. We will quantitatively confirm whether the number of correct answers
in the pre- and post-survey quizzes increases. In addition, author will analyze the questionnaires
administered after the exercise. The questionnaire was developed based on the one used in a previous
research by Shimizu and Kakihana (1999), which asked for responses to 1 to 12 items using a five-
item method. Students’ self-evaluations of ”independent learning attitude,” ”thinking, judging, and
expressing,” and ”knowledge and skills” were examined. By examining the average of the students’
self-evaluations, author can verify their ”independent learning attitude”, ”thinking, judgment and
expression”, and ”knowledge and skills”.

At the end of the questionnaire, the students were asked, ”Please tell me what you think was good
and what you regret about studying the cubic section.” The results of the free-response section of the
questionnaire, as well as the statements made by the students during the lessons using the WS, will
be qualitatively verified. The GeoGebra files submitted by the students will also be referenced where
appropriate.

The questionnaire was distributed through Forms, an application on Teams, with the questions
shown in the attachment at the end of this document, and participants were instructed to answer the
questions individually.

4 The worksheet in practice
In this practice, after teaching the aforementioned Chapter 2 of ”Systematic Mathematics” in the order
of Sections 1 and 2, we prepared and conducted a workshop on the cross-section of a cube in Section
3.

In the pre- and post-survey questions and the WS questions, the students were asked to specify
the three points through which the cut plane passes, based on the cube treated in the previous research
by Aoki et al. A research by Aoki et al. (2021) revealed that ”misrespondents show difficulty in
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identifying points in invisible positions” ([1], p. 128). In the WS, Question 1, which was used as an
example, did not include a question that required the identification of a point located in an unseen
position. The cross-section of [Q3] is the same as the one in the textbook. The cross-section in
[Q3] is an applied question that is not covered in textbooks. Therefore, author did not ask a question
that requires the identification of a point located in an unseen position because author considered it
difficult to predict the cross-section. In addition, three questions were prepared for each of the WS
questions [Q1] to [Q3], (1) to (3), respectively. The shape (1) is drawn in GeoGebra, and the shape
(2) and (3) appear by dragging and moving the three points through which the cut plane passes. This
was also explained as an example in [Q1].

4.1 Activities with GeoGebra (Part 1)
The first pre-survey question was explained in the form of a self-assessment. The explanation was
given with chalk on the blackboard, without using ICT. Next, the explanation was given using the 3D
application function of GeoGebra with WS. [Q1] explained how to draw a plane passing through the
three points P, Q, and R based on the file shown in Figure 1. After explaining (1), (2) and (3) showed
how the cutting plane changes by dragging and moving the three points P, Q, and R. However, (3)
was not shown. However, (3) was explained in the form of sharing the screen that the students were
exploring in Figure 2. We used a projector that could be projected on the side of the blackboard in
the classroom, and the students’ screens were shared using an AppleTV installed in the classroom,
displaying the students’ terminal screens. Figure 2 shows that the students changed their viewpoints
to confirm the shape of the cross-section, and also made efforts to make the colors easy to see. The
following is the interaction with the students during the sharing: T is the teacher’s question, Si is the
student’s comment, and the operation of the application is shown in parentheses.

Figure 2: Student’s work file for [Q1] (3)

T： What shape is this cross-section?
S1： It is a trapezoid.
T： What kind of trapezoid is it?
S1： It is an isopod trapezoid.
T： Which side is equal to which side?
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S1： (moves GeoGebra to change the viewpoint of the cross-section)
T： The lengths of the sides extending from PQ and R are equal.

4.2 Activities with GeoGebra (Part 2)
The students were asked to investigate [Q2] and [Q3] using the 3D application feature of GeoGebra.
They consulted with other students and taught each other during their investigations. We aimed for
the kind of learning that activates inquiry and dialogue as claimed by Iijima (2021) by considering
the student group as the main subject and using ICT as a tool. However, we were not able to confirm
[Q2] and [Q3] in one class period, so we decided to continue the work in the next class period.

The following is an exchange with a student who shared the screen of [Q2].

T： What shape is this cross-section?
S2： It is a hexagon.
T： What kind of hexagon is it?
S2： (Adjust the position of points P, Q, and R to the midpoints of the sides and change the viewpoint

to a position that is easier to see)
T： It looks like a regular hexagon. The visible edges on each side are the same length. Can you

transform it into (2)?
S2： (The position of P does not seem to move well. The student will open another file and show her

classmates.)

Figure 3: Student’s work file for [Q2] (1)

The teacher also shared the students’ screenshots of [Q3] and reviewed them, and a post-assessment
quiz was given at the end of the second period. The teacher also explained the post-survey quiz to
the students and had them grade their own answers and then collected them. Both the pre-survey and
post-survey quizzes were administered without the use of ICT. The schools in which author conducted
the tests did not require the use of ICT, so author did not use ICT for the quizzes in this practice either.
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5 RESULTS
This section reports the results of the pre- and post-survey questions, as well as the classroom situation
and the results of the questionnaire.

5.1 Pre and Post Survey Results
The pre-survey and post-survey questions are listed in the Appendix at the end of this report. ”Cutting
planes of a cube (Part 1)” is the pre-survey question and ”Cutting planes of a cube (Part 2)” is the
post-survey question. Each survey consists of six questions. Each question asks the participants to
draw a cutting plane through the three points P, Q, and R on the edge of the cube (hereinafter referred
to as the Fig.) and to name the shape of the cutting plane (hereinafter referred to as the C-S). The
author thought that questions (1) to (5) would be improved in the later part of the test, since the
tendency of the questions is the same in the pre- and post-tests. Question (6) was asked to see if it
could be applied to the pre- and post-tests since the tendency of this question was different between
the pre- and post-tests. Of the 77 students, 73 students who took both the pre- and post-tests were
analyzed. Scoring was based on a binary score of 1 correct or 0 incorrect, with no subscores. The
percentage of correct answers for each of these questions is shown in Figure 4. Table 2 shows the
2 × 2 crosstabulations and odds ratios of correct and incorrect answers for each question, pre- and
post-test. The numbers in the ”Number of correct/incorrect answers” column indicate the number of
respondents, and the percentages are shown in parentheses. Although the total number of samples
exceeded 50, many of the samples in each cell were less than 50, so Fisher’s exact test was performed
in R. 4.1.2.([13]) The coefficient of correlation (V) was also examined as an effect size. The table 1
of Yanagawa (2023) was used as the index for determining Cramer’s coefficient of correlation. ([17],
p.126).

Figure 4: Scoring results of pre- and post-survey questions
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Table 1: Index for determining Cramer’s linkage coefficients
Cramer’s V Strength of a linkage

0～0.1 Very weak
0.1～0.25 Weak
0.25～0.5 Medium
0.5～1.0 Strong

Table 2: Crosstabulation Tables and Odds Ratios

Question
pre-responses post-responses

Odds ratio Odds 95% CI
Correct Incorrect Correct Incorrect

(1)Fig. 68(93.2%) 5(6.8%) 66(90.4%) 7(9.6%) 1.442 [ 0.436，4.773 ]
(1)C-S 54(74.0%) 19(26.0%) 57(78.1%) 16(21.9%) 0.798 [ 0.372，1.709 ]
(2)Fig. 48(65.8%) 25(34.2%) 68(93.2%) 5(6.8%) 0.141 [ 0.050，0.395 ]
(2)C-S 20(27.4%) 53(72.6%) 54(74.0%) 19(26.0%) 0.133 [ 0.372，1.709 ]
(3)Fig. 57(78.1%) 16(21.9%) 64(87.7%) 9(12.3%) 0.501 [ 0.205，1.221 ]
(3)C-S 24(32.9%) 49(67.1%) 56(76.7%) 17(23.3%) 0.149 [ 0.072，0.309 ]
(4)Fig. 45(61.6%) 28(38.4%) 57(78.1%) 16(21.9%) 0.451 [ 0.218，0.934 ]
(4)C-S 26(35.6%) 47(64.4%) 40(54.8%) 33(45.2%) 0.456 [ 0.235，0.887 ]
(5)Fig. 17(23.3%) 56(76.7%) 22(30.1%) 51(69.9%) 0.704 [ 0.336，1.472 ]
(5)C-S 24(32.9%) 49(67.1%) 42(57.5%) 31(42.5%) 0.362 [ 0.184，0.709 ]
(6)Fig. 38(52.1%) 35(47.9%) 27(37.0%) 46(63.0%) 1.850 [ 0.955，3.582 ]
(6)C-S 24(32.9%) 49(67.1%) 31(42.5%) 42(57.5%) 0.664 [ 0.338，1.302 ]

Table 3: Results of Fisher’s exact test
Question Cramer’s V p-value 95% CI
(1)Fig. .050 .765 [ 0.372，6.053 ]
(1)C-S .048 .699 [ 0.345，1.831 ]
(2)Fig. .339 < .01∗∗ [ 0.040，0.416 ]
(2)C-S .466 < .01∗∗ [ 0.060，0.293 ]
(3)Fig. .127 .187 [ 0.181，1.321 ]
(3)C-S .440 < .01∗∗ [ 0.067，0.327 ]
(4)Fig. .179 .047∗ [ 0.202，0.989 ]
(4)C-S .193 .030∗ [ 0.222，0.934 ]
(5)Fig. .077 .455 [ 0.313，1.567 ]
(5)C-S .248 .005∗∗ [ 0.174，0.747 ]
(6)Fig. .152 .096 [ 0.908，3.780 ]
(6)C-S .099 .306 [ 0.320，1.373 ]
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Figure 5: Example 1 of the incorrect answers in
the post-survey (5)

Figure 6: Example 2 of the incorrect answers in
the post-survey (5)

Table 4: Number of correct and incorrect answers for (5) figure
pre- post-

correct answer 17(23.3%) 22(30.1%)
wrong answer 1 18(24.7%) 23(31.5%)
wrong answer 2 38(52.1%) 28(38.4%)

計 73 73

(2)Fig. shows the effect size (V = .339), which is moderately correlated. The odds ratio was
0.141 (95% CI [0.050, 0.395]), and the Fisher’s test showed a significant difference (p < .01). Similar
results were found for (2)C-S and (3)C-S. Although the effect sizes (.179, .193, .248, respectively)
were weak for (4)Fig, (4)C-S, and (5)C-S, the odds ratios were 0.451 (95% CI [0.218, 0.934]), 0.456
(95% CI [0.235, 0.887]), and 0.362 (95% CI [0.184, 0.183 CI [0.184, 0.709]), respectively, and the
Fisher’s test showed a significant difference (p < .05).

As for (5), a significant difference (p < .05) in the percentage of correct responses was observed
for the (5)C-S, but no difference was observed for the (5)Fig., and even in the post-survey, such
incorrect responses as in Figure 5 and Figure 6 were noticeable. The student in Figure 5 did not even
notice her error when she scored herself and gave the correct answer. The table 4 summarizes the
results of the responses in (5)Fig. The numbers in brackets indicate the number of respondents, and
the percentages are given in brackets. Incorrect answer 1” in the table refers to the incorrect answers
such as ”Figure 5” and ”Figure 6”. ”Incorrect answer 2” represents other incorrect answers.

5.2 Comparing Worksheet Practice with Pre and Post Surveys
Problems like the pre- and post-survey problem (5) are addressed in WS Q2(1), as introduced in the
4.2 section. The fact that the cross-section is a regular hexagon was confirmed by the fact that the
lines on each side are diagonals of a right-angled isosceles triangle. Correct answers were checked
by moving the viewpoint while sharing the work files of the correct answers (Figure 3). The students
who were able to confirm that the cross-section was a regular hexagon using GeoGebra, as shown in
Figure 3, were 38 out of 77 students, or about half.
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When the students in Figure 5 were asked to consider Question 2(1) of the WS, they were also
able to check the cross-section in the file, as in Figure 7, and sketched the correct cross-section.
However, in the post-test question, she wrote ”Wrong Answer 1”. Thus, there were several students
who sketched ”Wrong Answer 1” on the post-question, even though they were able to check the
correct cross-section in the file. in the post-survey question, even though they were able to check the
correct cross-section of WS Q2(1) using GeoGebra. This was the case for 9 out of 73 students.

Figure 7: WS Q2(1)

5.3 Results of the Questionnaire
The questionnaire was administered to 77 target students in the form of a questionnaire with their
names written on it and answered from Forms. The response period was from October 2 to October
11, 2023, after the second period of this practice. 68 students responded (93.2% response rate) within
this period.
5.3.1 Multiple Choice Questionnaire Results

In the multiple-choice questionnaire, students self-rated their attitudes toward ”independent learning,”
”thinking, judging, and expressing,” and ”knowledge and skills” on a 5-point scale from 1 to 5, where
the higher the number, the more they self-rated that they had achieved the goals of the class. The
average rating for each item is shown in Table 5. The correspondence between the perspectives of
”independent learning attitude,” ”thinking, judging, and expressing,” and ”knowledge and skills” and
the question items is shown in Table 6. The results of the questionnaire are shown in Figure 8
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Table 5: Means for each question
No. Mean of evaluation No. Mean of evaluation

1 4.29 7 4.50
2 4.12 8 4.24
3 4.25 9 4.65
4 4.44 10 4.44
5 2.63 11 4.47
6 4.40 12 4.01

Table 6: Correspondence between per-
spectives and questions

Perspective Item No. Mean

independent learning 1,4,5,6,11,12 4.04
thinking, judgment,

7,8,9 4.46
and expression

knowledge and skills 2,3,10 4.27

Figure 8: Results of the multiple-choice questionnaire
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5.3.2 Results of Descriptive Questionnaire

Question 13 asked students to write free-response answers to the question, ”Please tell me what
you think was good and what you regret about the study of cubic section planes.” The results were
analyzed using R ver. 4.1.2. ([13]) with the RMeCab package ver. 1.07 ([10]). 68 responses were
analyzed using morphological analysis to break them down into word units, and the following four
nouns were noted as frequently used by the author. The noun ”GeoGebra” was used in 40 cases,
”cutting plane” in 24 cases, ”understanding” in 19 cases, and ”friend” in 17 cases. The most frequently
used adjectives were ”easy” (29), ”good” (19), and ”fun” (7). As verbs, ”can” and ”understand” were
used in 47 and 23 cases, respectively. This analysis was conducted using Kobayashi’s (2020) function
for creating a KWIC concordance ([5], pp.123-124). Based on these words that we focused on,
the following are examples of how students may have collaborated with others and considered them
through a trial-and-error process.

• I had a lot of fun learning by thinking creatively with my friends, and I gained a deeper under-
standing of cross-sections and was very happy when I completed the figure.

• I was able to understand the diagrams while looking at the printouts, but I couldn’t present
them, so I will have the courage to do so next time.

• I was able to concentrate on the work in cooperation with my friends. Even if I didn’t know
how to do spatial graphics, I could understand by listening to my friends’ presentations and we
were able to teach each other.

In addition, several impressions were mentioned that showed an improvement in students’ moti-
vation to learn through ICT-supported instruction. The important ones are listed below.

• It was easier to understand when I practiced with GeoGebra than when I explained orally, so I
would like to continue to use GeoGebra for problems involving figures.

• It was fun to use GeoGebra for cross-sectional drawings, as if I was doing crafts. I also wanted
to review it by myself because I was interested in it.

• It was convenient to use GeoGebra because I could easily see the cut surface. I would like to
try many other things.

• GeoGebra was easy to solve because I could see the figure from various angles. However, I
could not fully remember how to operate it, and I had to ask my friend many times.

Finally, several students commented that their understanding of the cross-section of a cube was
deepened. The important comments are listed below.

• I have always had a hard time understanding 3-D cutting. However, thanks to the teacher’s
clear explanations, I was able to understand it. I was able to deepen my understanding further
by studying with GeoGebra.

• This time, I was not good at cutting cross-sections, but I was able to deepen my understanding
by listening to my friends and the teacher.
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• I could not see the actual cube from many angles just from the textbook, so GeoGebra allowed
me to see it from above and below, and I could color the cross-sectional shapes so I could learn
more about the shapes of the cut surfaces.

• Using the iPad, I was able to move the figure freely and see the cut surface, which was some-
thing I couldn’t understand just by writing it in my notebook, so it became very easy to imagine.

6 Considerations

6.1 Discussion of the Pre and Post Surveys
Half of the 12 questions showed a learning effect in 6 of the 12 questions. Based on the results of
the 5.1 section, it is assumed that the learning effect was observed in the understanding of (2)Fig.
and (2)C-S. The same is true for (3)C-S, (4)Fig. It can be considered that the 3D-DGS is useful for
improving students’ understanding of the cross-section of a cube.

The following is a discussion of the questions for which no significant differences were found.
The percentage of correct answers to question (1) in Figure 4 indicates that both the pre and post
difficulty levels of Figure 4 and C-S were similarly superior to each other. (3)Fig., the only difference
was the orientation of the cut surface. Therefore, author do not believe that there was any difference
between the pre and post test. Question (6) was an applied problem with a different trend between
pre and post, and therefore there was no significant difference in the percentage of correct answers.

The percentage of correct answers in (5)Fig. increased after the test. However, the number of
incorrect answers, as in Figure 5 and Figure 6, is about the same as the number of correct answers, as
shown in the Table 4. This may be due to students being visually confused. To solve this problem, it is
possible to consider teaching materials other than ICT. For example, it may be necessary to consider
using a 3D printer to produce 3D model materials.

6.2 Considerations from the Questionnaire
The results of the multiple-choice questionnaire in Table 5 show that the average score for all items
is 4.00 or higher, except for question 5. The answer to question 5, ”Were you willing to make a
presentation in class about the drawing?”, which asked about ”independent learning attitude”, had a
mean of 2.63, which was lower than the other items. Therefore, the mean of the overall rating of
”independent learning attitude” in the table was 4.04, which was slightly lower than the other two
perspectives.

From the comments in the descriptive questionnaire in the comments in section 5.3.2 such as
”Listening to my friends’ presentations was very good because I could understand them and we could
teach each other” and ”I felt a sense of accomplishment by discussing opinions with my friends and
creating a cross-section” indicate that the use of ICT, as pointed out by Iijima (2021), promoted
dialogue with others and allowed students to explore the properties related to mathematics. author
believe that the use of ICT, as pointed out by Iijima (2021), promoted dialog with others and allowed
students to explore the nature of mathematics. In addition, there were some reflections on question 5,
”Did you try to present your drawings willingly in class?”. Students were encouraged to explore the
nature of mathematics through the use of ICT. The students’ comments such as ”I would like to have
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the courage to make a presentation in the next class” indicate that they would like to improve their
attitudes towards learning in the future.

The comments in section 5.3.2 also show an increase in students’ motivation to use ICT in their
future studies. The comments in the descriptive questionnaires show that students are actively using
ICT to think through trial and error and to develop new ways of expressing themselves.

The word ”understanding” was used positively in 19 of the comments in the descriptive ques-
tionnaire, including the one presented here. Comments such as ”Studying with GeoGebra helped me
deepen my understanding” and ”Being able to move the figure freely and see the section plane made
it much easier for me to imagine” were representative of these comments. The students’ impressions
also confirmed the reason for the improvement in the percentage of correct answers in the post-survey
questions.

7 CONCLUSIONS
This research was conducted by having students independently manipulate the 3D-DGS to investigate
cubic cutting planes. The goal was to confirm that students’ understanding of and attitudes toward
learning about cubic sectional planes improved as a result of this activity.

7.1 Effects of Using the 3D-DGS
The results of the pre- and post-surveys (2) to (4) show that the number of correct answers increased
significantly for 6 out of 12 questions (Table 3), which was half of the total. This result quantita-
tively confirms that the learning activity using 3D-DGS by WS was effective in deepening students’
understanding of the cubic section plane. While there was no difference between the pre- and post-
assessment for simple questions such as (1), students were able to develop the ability to identify points
located in invisible positions as in questions (2) to (4).

In question (5), there was no significant difference in the increase in the number of correct an-
swers. The reason for this is that, as discussed in section 5.2, there were several participants who
gave incorrect answers, such as Figure5 and Figure6, even though they could identify the correct
cross-section in 3D-DGS, as shown in Figure7 (see Table 4). These errors may be due to the fact
that students were visually misled at the stage of drawing the 3-dimensional figure on the plane, even
though they were able to correctly observe the cross-sectional view using ICT. Aoki et al. (2021)
pointed out that ”the enhancement of opportunities for manipulative activities using 3D learning ma-
terials and the combination of 3D learning materials using tablets, etc., depending on the situation”
([1], p.129) should also be considered. In the future, we would like to consider developing 3D learning
materials using 3D printers, etc., which have recently become more convenient to use.

7.2 Teaching Practice and Students’ Impressions
In the WS, students exchanged opinions with each other using the 3D-DGS and changed the view-
points and color of the cross-sections through a trial-and-error process. The use of ICT, as pointed
out by Iijima (2021), encouraged dialog with others and allowed students to explore the nature of
mathematics. Several student comments such as ”I was able to deepen my understanding” and ”It
became easier to imagine the cutting plane” were also noted. The results of the pre- and post-surveys
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confirm that the students themselves felt that their understanding of the cutting plane of the cube had
improved.

7.3 Conclusion
The use of ICT to examine the cross-section of a cube in the study of spatial geometry was found to
improve students’ understanding, and the use of ICT in mathematical activities was found to be effec-
tive in stimulating students to interact with others and to explore the properties of spatial geometry.
In addition to the quantitative improvement in performance on the survey questions, several students
indicated that their understanding had deepened. Changes in motivation to learn were also observed,
such as ”I am more interested” and ”I want to try other things”. The importance of using ICT as a tool
for exploring mathematics was confirmed in the research of the cross-section of a cube in the study of
spatial figures. It can be said that ICT is a useful tool to deepen students’ understanding and improve
their motivation to learn. Therefore, ICT should be more actively incorporated into the daily teaching
of mathematics in Japan as a tool for exploring and thinking about mathematics on a daily basis.

While these effects were observed, some problems were found in the activity of drawing the cross-
section confirmed by ICT on a plane, suggesting that not only ICT but also other activities such as
showing real models are necessary. In the future, author would like to consider the use of 3D materials
using a 3D printer. In addition, since the target students were limited to first-year junior high school
students, author would like to consider conducting the survey for high school students in the future.
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Appendix 1

GeoGebra Cubic Cutting Plane Questionnaire

©1 Were you interested in learning more about

cubic cut surfaces using GeoGebra?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©2 Did you learn anything new about cubic cut

surfaces through your observations with GeoGe-

bra?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©3 Did you learn anything new through this

GeoGebra study?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©4 Do you think you were self-motivated to learn

about cubic cut surfaces?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©5 Did you willingly give a presentation in class

about cubic cutting planes?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©6 Did you listen attentively to your friends’

ideas and opinions about the cutting plane of a

cube?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©7 Did you discuss the solution of the problem

of the cutting plane of a cube with your friends?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©8 Were you able to think in different ways

about the cutting plane of a cube?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©9 Did you have enough time to think about

solving the problem of a cubic cutting plane?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©10 Was your teacher’s explanation easy to un-

derstand?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©11 Did you enjoy this lesson on cubic sections?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©12 Did you want to learn more about cubic

figures?

　Yes No

　├───┼───┼───┼───┤
　５　　　４　　　３　　　２　　　１

©13 Please tell me what you thought was good and what you regret about learning about cubic

section surfaces.

The Research Journal of Mathematics and Technology, Volume 15, Number 1

18



The Research Journal of Mathematics and Technology, Volume 15, Number 1

19



The Research Journal of Mathematics and Technology, Volume 15, Number 1

20



A half-automated study
of a 2-parameter family of integrals

David G. Zeitoun Thierry N. Dana-Picard
ed.technologie@gmail.com ndp@jct.ac.il

Talpiot College of Education Jerusalem College of Technology
Holon, Israel Jerusalem, Israel

Abstract

The study of some parametric integrals is presented with a combined approach of analytical
development, the usage of a Computed Algebra System (CAS) and of the Online Encyclopedia of
Integer Sequences. The paper runs around the analysis of the 2-parameter definite integral

I(p)n =

∫ π/4

0
xp tann x dx.

The methodology for the solution includes a) an analytical investigation for the study of the para-
metric integral, b) computations with a CAS of the integral for specific values of the parameter,
c) investigation of the connection between the integral and special functions or mathematical con-
stants, and d) derivation of a general algorithm for the complete computation of the parametric
integral. Comparing the outputs of different kinds of software yields useful remarks about the
understanding of the outputs, an important issue in mathematics education in a technology-rich
environment.

1 Introduction.
The computation of parametric definite integrals is an interesting mathematical field (e.g. see [27, 7]).
On the one hand, parametric integrals help students to grasp more abstract situations than in the
cases without parameters. On the other hand, in domains such as Physics and Engineering, numerous
phenomenons have a mathematical translation into such integrals; for example, see [17]. Moreover,
such computations may lead to formula for indefinite series, and also to derive combinatorial identities
and integral representations for combinatorial objects; for example, see [12, 15, 6, 16, 28, 29, 32] and
the papers in reference there. In the specific case of Catalan numbers, different presentations and
applications are given in [24].

Computing the integrals by hand may be unilluminating. The usage of technology has been ana-
lyzed and discussed for a long time, not only for the domain that we are interested in here. Buchberger
[9] says that a Computer Algebra System (CAS) should be used only where the user knows how to
perform the computations by hand, not as a black box where the user has no knowledge on what are
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the processes at work inside. A good example of this approach is in the book [2] where the described
algorithms are first ”run by hand”, and then applied with their version implemented in software1.
With a black box usage, the CAS is a facilitator to obtain a result, not to develop more mathematical
knowledge. For a short presentation of this White-Box / Black-Box Principle, we refer to [10].

Nevertheless, but as already seen in [13], it happens that the CAS is used to bypass a lack of
theoretical knowledge, then proceeding backwards the gap can be filled. In [19], Drijvers notes that
generally a CAS works as a black box, it does not provide insight into the algorithms. Advanced
versions of a CAS may provide some insight, either as a step-by-step command, as in the Derive
software (in version 6.1, released a long time ago, which was the last release), or via tutorials such
as Maple’s tutorials. These tutorials work in an interactive way, providing hints for every single step,
sometimes more than one. The user then chooses and checks the efficiency of the proposed step. A
suitable usage of such a tutorial provides a good scaffolding to the user, which has to be gradually
faded. These tutorials are a kind of intelligent tutoring systems, an interesting AI application which
can propose hints, analyze the user’s answer, monitor and guide students (Kock et al. [23] compare
this with the generative AI systems which became popular since year 2023 with the first launch of
ChatGPT). Note that the same tutorials have a shortcut giving the final answer immediately; this is
a black box usage. Anyway, this usage is highly personal , and each user will develop his/her own
instrumental genesis [3, 31]. A good balance between paper-and-pencil and CAS assisted work is
crucial. As we will see, ”the computer offers to provide scaffolding both to enhance mathematical
reasoning and to restrain mathematical error” (J. Borwein in[8]).

In this paper, we study a 2-parameter family of definite integrals. For small values of the parame-
ters, computations may be performed by hand, but this is time-consuming. A CAS can be used after
a few computations, without contradicting Buchberger’s point of view. This may be a partial solution
only, as we will see in Section 2. In certain cases, the output of an automated computation shows an
integral which cannot be computed analytically. From that point, either numerical methods should be
used, or an induction formula has to be looked for, as in [15, 16] and other cases referenced there.

The numerical results obtained with a CAS have to be exploited. The investigation made a strong
usage of the Online Encyclopedia of Integer Sequences (OEIS)2. This proved a really efficient ap-
proach, enabling to enounce conjectures, which have then to be proven.

The integral

In =

∫ π/4

0

tann x dx

and an application to soil mechanics have been described in [17]. Here we study a generalization of
it, namely the 2-parameter integral defined by:

I(p)n =

∫ π/4

0

xp tann x dx, (1)

where the parameters p and n are non negative integers.
A motivation has been provided by students of the 2nd author in an engineering curriculum, who

came to him from time to time to ask for additional exercises, beyond the official syllabus. It is

1The book is devoted to Gröbner bases and their applications. This is not the topic of our work here, but the didactic
methodology is similar to what we claim

2http://www.oeis.org.
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valuable to be prepared to answer requests by highly motivated students; the authors had opportunities
to propose such extensions of the syllabus. They are involved both in mathematics teachers education
and in engineering education. Even when the syllabi do not mention explicitly teaching and working
in a technology-rich environment, they think that this is what has to be done nowadays, inciting
students to develop their own technological skills, preparing them also for lifelong learning. Such
exercices have been included in practice sessions of a Calculus course at JCT.

First, we derive by hand an induction formula, then we try to have more insight into the 2-
parameter sequence of integrals. For this we use a Computer Algebra System, here the Maple package
and its tutorials, and the Online Encyclopedia of Integer Sequences.

Automated methods have been analyzed and documented for questions in Geometry, Analytic
Geometry and in Differential Geometry (for example, see the survey [14]). The important novelty
here is that, for parametric integrals no visual intuition is afforded. This is not rare with integrals,
recall the example of

∫
x lnx dx for which the choice of the functions for an integration by parts is

counter-intuitive. The present study requests more abstract thinking. After all, parametric integrals
are already a more abstract object than ”ordinary” definite integrals.

2 An induction formula
For integrals where the integrand contains a power of the tangent function, it is natural to look for an
induction with an increment of 2 in the power. We have:

I(p)n + I
(p)
n−2 =

∫ π/4

0

xp tann x dx+

∫ π/4

0

xp tann−2 x dx

=

∫ π/4

0

xp(tann x+ tann−2 x) dx

=

∫ π/4

0

xp(tan2 x+ 1) tann−2 x dx

Integration by parts of the last expression, using the functions:

f(x) = xp and g(x) =
tann−1 x

n− 1
(2)

whence
f ′(x) = pxp−1 and g′(x) = tann−2 x(tan2 x+ 1) (3)

This leads to the following recurrence relation:

I(p)n + I
(p)
n−2 =

1

n− 1

(π
4

)p

+
p

n− 1
I
(p−1)
n−1 , p ≥ 1; n ≥ 1. (4)

We can also derive general recurrence formulas for both the sum
∑
n

I
(p)
n for a given p, and for I(p)n .

Proposition 1 When n is even, we denote n = 2l, and the following holds:

I
(1)
2l =

π

4

2l−1∑
k=1

(−1)k

k
+

2l−1∑
k=1

(−1)kIk
k

− 1

2

(π
4

)2

(5)

The Research Journal of Mathematics and Technology, Volume 15, Number 1

23



2.1 The case of even n

2.1.1 Analytic work

For a given integer p ≥ 1 and if n is even:

I(p)n + 2(I
(p)
n−2 + I

(p)
n−4 + · · ·+ I

(p)
2 ) + I

(p)
0 =

(π
4

)p
n−1∑
k=1

1

k
+ p

n−1∑
k=1

I
(p−1)
k

k

= (Ψ(n) + γ)
(π
4

)p

+ p

n−1∑
k=1

I
(p−1)
k

k
.

By addition and substraction of the iterative formula in Equation (4), we derive the following formula:

I(p)n + I
(p)
0 =

(π
4

)p
n−1∑
k=1

(−1)k

k
+ p

n−1∑
k=1

(−1)kI
(p−1)
k

k
. (6)

The first integral in the sequence is

I
(p)
0 =

1

p+ 1

(π
4

)(p+1)

, (7)

therefore, the following holds:

I(p)n =
(π
4

)p
n−1∑
k=1

(−1)k

k
+ p

n−1∑
k=1

(−1)kI
(p−1)
k

k
− 1

p+ 1

(π
4

)(p+1)

(8)

Equation (8) means that I(p)n is a linear function of the previous integrals I(k)n , for k < p.
If n is even and p = 0, we obtain the following identity:

I(0)n + I
(0)
0 =

n−1∑
k=1

Ik
k
. (9)

Using the previous derivation, we obtain I
(0)
0 = π

4
, whence:

I(0)n =
n−1∑
k=1

Ik
k

− π

4
. (10)

If n is even and p = 1, we obtain:

I(1)n + 2(I
(1)
n−2 + I

(1)
n−4 + · · ·+ I

(1)
2 ) + I

(1)
0 (11)

Also a general expression of I(1)n may be derived:

I(1)n =
π

4

n−1∑
k=1

(−1)k

k
+

n−1∑
k=1

(−1)kIk
k

− 1

2

(π
4

)2

(12)
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2.1.2 Analysis with a CAS

Using a Computer Algebra System, we obtain the following values for small even values of the
parameter n:

I
(1)
0 =

π2

32

I
(1)
2 = −π2

32
+

π

4
− ln 2

2

I
(1)
4 =

π2

32
− π

6
− 1

6
+

2

3
ln 2

I
(1)
6 = −π2

32
+

13π

60
+

13

60
− 23

30
ln 2

I
(1)
8 =

π2

32
− 19π

105
− 29

105
+

88

105
ln 2

I
(1)
10 = −π2

32
+

263π

1260
+

2333

7560
− 563

630
ln 2

I
(1)
12 =

π2

32
− 1289π

6930
− 3578

10395
+

3254

3465
ln 2

I
(1)
14 = −π2

32
+

36979π

180180
+

397753

1081080
− 88069

90090
ln 2

Remark 2 Look at the coefficient of π in this output. It determines 2 sequences of integers, a se-
quence of numerators 1,-1,13,-19,263, ... and a sequence of denominators 4,6,60,105,1260, ... . The
database OEIS does not have an entry for the sequence of denominators, but proposes to consider two
subsequences according to the index being either odd or even. Starting from this database searching,
some non trivial connections can be found between the integrals studied here and other mathematical
objects, with an approach similar to [12, 15]. Such a study is not in the scope of the present paper,
we leave it as an open question for a later study.

2.2 The case of odd n

2.2.1 Analytic work

For a given integer p ≥ 1 and odd n, we have:

I(p)n + 2
(
I
(p)
n−2 + I

(p)
n−4 + · · ·+ I

(p)
3

)
+ I

(p)
1 =

(π
4

)p
n−1∑
k=2

1

k
+ p

n−1∑
k=2

Ik
k

By addition and substraction of the iterative formula (i.e., Equation (4)), we obtain:

−I(p)n + I
(p)
1 =

(π
4

)p
n−1∑
k=2

(−1)k

k
+ p

n−1∑
k=2

(−1)kI
(p−1)
k

k

For p = 0, we find the previous expression. For even n and p = 1, we obtain:

I(1)n + 2(I
(1)
n−2 + I

(1)
n−4 + · · ·+ I

(1)
3 ) + I

(1)
1 =

π

4

n−1∑
k=2

1

k
+

n−1∑
k=2

Ik
k
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Then we derive a general expression for I(1)n and n = 2l + 1:

Proposition 3

I
(1)
2l+1 =

π

4

2l∑
k=2

(−1)k

k
+

2l∑
k=2

(−1)kIk
k

− I1

2.2.2 Analysis with a CAS

Using a Maple, we obtain the following values for small odd values of the parameter n:

I
(1)
1 =

π

8
ln 2 +

∫ π/4

0

ln(cosx)) dx

I
(1)
3 = −π

8
ln 2−

∫ π/4

0

ln(cosx)) dx+
π

4
− 1

2

I
(1)
5 =

π

8
ln 2 +

∫ π/4

0

ln(cosx)) dx− π

4
+

2

3

I
(1)
7 = −π

8
ln 2−

∫ π/4

0

ln(cosx)) dx+
π

3
− 73

90

I
(1)
9 =

π

8
ln 2 +

∫ π/4

0

ln(cosx)) dx− π

3
+

284

315

I
(1)
11 = −π

8
ln 2−

∫ π/4

0

ln(cosx)) dx+
23π

60
− 3103

3150

I
(1)
13 =

π

8
ln 2 +

∫ π/4

0

ln(cosx)) dx− 23π

60
+

54422

51975

I
(1)
15 = −π

8
ln 2−

∫ π/4

0

ln(cosx)) dx+
44π

105
− 10459489

9459450

I
(1)
16 =

π

8
ln 2 +

∫ π/4

0

ln(cosx)) dx− 44π

105
+

5452712

4729725

The following remarks can be made:

1. Two subsequences appear, for even indices and for odd indices.

2. The integral π
8
ln 2 +

∫ π4

0
ln(cosx)) dx appears for an index n ≡ 1 mod 4, and its opposite

for n ≡ 3 mod 4. The sign change comes from the (−1)k factor in the two first terms in
Proposition (3).

3. The integral
∫ π4

0
ln(cosx) dx is left in closed form and cannot be evaluated analytically.

With Maple, the following result is obtained:∫ π/4

0

ln(cosx) dx =
π

4
ln 2 +

1

2
G, (13)
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where G denotes the Catalan constant3.
In [1], the integral presentations of the Catalan constant are given, but without analytic proofs.

There, computations have been performed with Mathematica. Note that this is a black-box usage
of the CAS, in contradiction to Buchberger’s point of view. Nevertheless, we can follow a path in
reversed direction and note that

G =
∞∑
r=0

(−1)r

(2r + 1)2
. (14)

3 Study of the influence of the parameter p

In this section we investigate the dependence of the parameter p on the 2-parameter integral I(p)n . The
fundamental iterative formula (4) connects I(p)n with the terms I(p)n−2 and I

(p−1)
n−1 and this for a given p.

The influence of p may be checked in two ways.
First, in the given integration interval, i.e. for 0 ≤ x ≤ π

4
< 1, we have 0 < xp < 1. It follows

that I(p)n < In, where

In =

∫ π/4

0

tann x dx. (15)

3.1 The tangent power integral
This last equation has been studied by the authors in [17]. In this reference , we derived closed
combinatorial formulas for the tangent-power integral , according to the congruence class modulo 4
of the parameter m. We presented three different forms of the definite integral:

1. A finite series formula: for even indices, the following holds:

I2k = (−1)k
π

4
+

k∑
l=1

(−1)(l+k)

2l − 1
. (16)

For odd n, we have:

I2k+1 = (−1)k
ln 2

2
+

k∑
l=1

(−1)(l+k)

2l

2. An equivalent formula using double factorials:

I4k−2 = −π

4
+

k

(2k − 1)!!

I4k−1 =
ln 2

2
+

1

2
+

k

(2k − 1)!!

I4k =
π

4
+

k

(2k − 1)!!

I4k+1 =
ln 2

2
+

1

2
+

k

(2k)!!
3See the sequence https://oeis.org/A006752
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These different expressions have different physical meanings leading to different types of understand-
ings and teaching:

3.2 An iterative algorithm for I
(p)
n for n and p = 1, ..., k

In the previous section we derived a general iterative equation for fixed n between I
(p)
n and the terms

I
(p−1)
k , k < n:

• If n is even:

I(p)n =
(π
4

)p
n−1∑
k=1

(−1)k

k
+ p

n−1∑
k=1

(−1)kI
(p−1)
k

k
− 1

p+ 1

(π
4

)(p+1)

• If n is odd:

−I(p)n + I
(p)
1 =

(π
4

)p
n−1∑
k=2

(−1)k

k
+ p

n−1∑
k=2

(−1)kI
(p−1)
k

k

As a consequence, we may compute iteratively any integral I(p)n . The method consists in:

(i) Check if n is even or odd

(ii) If n is even, compute I
(0)
k =

∫ π/4

0
tann x dx for k < n.

(iii) Then use the above formula to compute I
(1)
n

(iv) Then compute I
(1)
k for k < n.

(v) Compute I
(2)
n and so on until I(p)n

(vi) If n is odd, compute I
(0)
k =

∫ π/4

0
tann x dx for 1 < k < n.

(vii) Then use the above formula to compute I
(1)
n

(viii) Then compute I
(1)
k for k < n.

(ix) Compute I
(2)
n and so on ....until I(p)n

3.3 Analysis of an integral using a power series
We consider the integral

Jn =

∫ π/4

0

tann x

1− x
dx. (17)

For any integer n > 0, we were unable to obtain a direct analytic computation of this integral using
a CAS. Only numerical values have been obtained. Nevertheless, the integral Jn may be computed
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using the integral I(p)n studied earlier. The domain of integration is the interval
[
0, π

4

]
, therefore

|x| < 1 and we have
1

1− x
=

∞∑
i=0

xi,

and it follows that

Jn =

∫ π/4

0

tann x

1− x
; dx =

∑
i = 0∞

∫ π/4

0

xi tann x dx =
∞∑
i=0

I in.

The computation of Jn requires the computation of the integrals I in for all i. In the previous
section, we presented an iterative method to compute I in from the different I i−1

n ; i ≥ 1. Now we
present an approximate method to compute Jn.

We have:

∀n ≥ n0, I
(i)
n ≈ (

π

4
)i)

∫ π
4

0

tann(x) dx.

It follows that:

Jn =
∞∑
i=0

I(i)n =

n0∑
i=0

I in +
∞∑

i=n0

I(i)n .

Using the above approximation, we obtain:

Jn =

n0∑
i=0

I(i)n +

[
∞∑

i=n0

(
π

4
)i)

][∫ π
4

0

tann(x) dx

]
.

Therefore, we obtain:

Jn =

n0∑
i=0

I in +

[
(
π

4
)n0

1

1− π
4

]
·
[∫

0

tann(x) dx

]
.

The index n0 may be chosen by using an error level ϵ and require that xn0 < ϵ.

3.4 Analysis of the integral Ln =
∫ 1

0 arctann(x) dx

Note first that this integral is a particular case of the integral I(p)n studied above. When asked to
compute this integral for small values of the parameter, a CAS returns only the closed from of the
integral. Only in numerical form, some other output can be obtained, but this is irrelevant to our
purpose here..

Consider the change of variable: u = arctan(x); then x = tan(u) for 0 ≤ u ≤ π
4
. Note that

dx = (1 + tan2 u) du. With this change of variable Ln =
∫ π/4

0
un (1 + tan2 u) du, whence:

Ln =

∫ π/4

0

un du+ I
(p)
2 (18)

Finally, we have the following proposition:

Proposition 4 For every non negative integers n and p, the following holds:

Ln =
1

n+ 1

(π
4

)n+1

+ I
(p)
2 .
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4 Some thoughts in the aftermath
Previous explorations of parametric definite integrals, no matter how many parameters were involved,
opened for us various ways to build bridges between mathematical domains. In many cases, integral
presentations of combinatorial objects have been derived. In other cases, they provided an opportunity
to prove combinatorial identities [15, 16, 28, 29]. A CAS is an important tool for such an exploration
and proofs. Nevertheless, it is sometimes hard to conjecture such an identity and another technology
can be useful. This was the case for the mentioned works, and using the Online Encyclopedia of
Integer Sequences revealed efficient. Of course, it helped to have a conjecture, but this conjecture had
to be proven by more theoretical means.

For the examples of the present work, the situation is somehow different. We could try vari-
ous inputs for searching the database, but none provided a ready-to-use answer. For all our trials,
the database proposed a modified version of the input, and understanding the proposed sequences
was non-trivial. This is a good illustration that exploring mathematical objects in a technology-rich
environment does not follow a predefined path.

The OECD defined the so-called 4 C’s of 21st century education: Communication, Collaboration,
Critical Thinking and Creativity. These are crucial in various settings (see for example [30]. Here,
the collaboration can be between humans, but also between man and machine. Collaboration with
technology, i.e. human and machine together, requires strong Critical Thinking in order to analyse
the outputs of the CAS and of the interactive database. We shall mention that collaboration with a
generative AI requires this still more; see [4, 23]. Critical Thinking and Creativity are central skills,
opposite to Black-Box usage of technology. Further, Creativity leads to the possible conjectures. This
is a modern way to deal with mathematics, with a scheme exploration-conjecture-proof. It request
also the understanding that the new technological skills are an integral part of the new mathematical
knowledge, and that a new technological discourse has to be developed [3, 26]. Such exploration
can be initiated by a 5th C, namely Curiosity; a kind of exploration has been proposed in Remark 2.
This has been the basis of [17], where mathematical curiosity and communication and collaboration
between researchers yielded an interesting application.

Nowadays, curiosity can push in new directions. We asked an AI for references about paramet-
ric definite integrals. Most answers gave general chapters in Calculus books, the only relevant to
parametric definite integrals was a presentation in a conference [18].

Finally, we wish to recall what we wrote in Section 1. Parametric definite integrals enable students
to step forwards towards more abstract understanding than what is offered in a first Calculus course.
But they are not always a pure mathematical exercise. They have numerous applications in science,
in particular in Physics; [22] provides an insight into students’ difficulties to translate the knowledge
acquired in definite integrals in a Calculus course into the needed skills for Physics. Nevertheless, the
topics is quite rare in Calculus textbooks, and also in the classical syllabus; we found a subchapter in
[25] (subchapter 7.4). Despite the fact that these applications are not an integral part of teh official
syllabus, the authors try to give by that way some motivation to the students asking ”what is this
good for?”. Regarding the mental schemes that they require, these are parallel to what is required in
Linear Algebra for solving parametric systems of linear equations; see [11], where some problems
are analyzed, such as the lack of investigation of special values of the parameters4.

4Such problems, when working with AI for mathematics education, are analyzed in [4].
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Appendix: the work with mathematical software The exploration of the sequence of parametric
integrals on subsubsections 2.1.2 and 2.2.2 has been performed using two different softwares. As
mentioned above, we used Maple 2024, but also Derive5. This last is not available anymore, but the
community of users still exists. Even if all of the members use now other packages, they still share
applications during conferences, and/or use it in class.

The formulas displayed in subsubsections 2.1.2 and 2.2.2 have been obtained with Derive, as
shown in Figure 1. The 2-parameter family of integrals is defined, then it is computed for small
values of the parameters. For this, the Vector command is applied. Its syntax is Vector(parametric
formula, parameter, starting value, end value, step) . The choice of the starting value and the step
enables to distinguish what happens with odd (resp. even) values of the parameter. A noticeable
feature of the output is the presence of a closed integral, namely

∫ π/4

0
ln(cosx) dx.

Figure 1: A session with Derive

We are ware that a software discontinued 20 years ago cannot be recommended. Maybe the
example here (as in previous published works [?]) will incite development of such an output and
make it available in existing software.

In parallel, we used the following Maple code (of course, with different choices for the values of
the parameter and step):

restart:
f := x*tan(x)ˆn;
for i from 0 by 2 to 14 do

n := i;
int(f, x = 0 .. Pi/4);

end do;

In order to take into account the 2 parameters, we used nested for loops. The output appears different
from above.For odd values of the parameter, it involves the so-called Catalan constant, as shown in
Figure 2. Actually, the answers by the two packages are equivalent, as explained by Equation (13). It
has been checked also with Maple, as shown in Figure 3.

This is a good opportunity to draw students’ attention to the fact that they should not relate to the
output as THE answer, but rather as a representation of the answer. It is well known that mathemat-
ical objects cannot be grasped with hands, but are dealt with using various representations. A rich
knowledge is developed when switching between different representations, which can reveal different
aspects of the same mathematical object; see [20]. Here we have, on the one hand, a representation

5We have this opportunity to evoke Josef Böhm’s memory, a good friend devoted to education and to the Derive
community; he was the editor of the Derive Newsletter.
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Figure 2: A session with Maple

Figure 3: Verification that the two outputs are equivalent

using an implicit form for a definite integral, in a situation where the integrand has no primitive being
described by a closed formula. Generally, the registers of representation mentioned for mathematical
objects are graphical, numerical, symbolic, etc. The objects under study in this work belong to Calcu-
lus, and the representations that we dealt with may be explained as belonging to a symbolic registers,
but their appearances are different. Of course, engineers may wish to have a numerical representa-
tion, which can be more easily applied in concrete situations. Maybe we should speak here about
subregisters of representation. Such a situation is not rare, and students meet them quite early. On the
other hand, we have a representation involving the Catalan constant, an object which is rarely met by
undergraduates. This provides an opportunity for a small extension of the curriculum.

Finally we wish to mention that the reflections about the different roles of technology usage for
helping humans address mathematical issues do not need to apply only to students, they are equally
useful for researchers.

Acknowledgements: The authors wish to thank the reviewers for useful comments and sugges-

The Research Journal of Mathematics and Technology, Volume 15, Number 1

32



tions.The 2nd author has been partially supported by the CEMJ Chair at JCT.
Declaration: The authors declare no conflict of interest.

References
[1] Adamchik, V. (2002). A certain series associated with Catalan’s constant, Zeitschrift für Anal-

ysis und ihre Anwendungen 21 (3), 1-10.

[2] Adams, W., Loustaunau, P. (1994). An Introduction to Gröbner Bases, Graduate Studies in
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Abstract

For university students of the 2020s, visual experiences play a central role in their daily lives
and learning habits. Our experience suggests that traditional teaching methods, such as using
lengthy texts, are less effective for this generation. We hypothesize that a curriculum incorporat-
ing visual elements, diagrams, and dynamic teaching materials enables more efficient education.
Spectacular, interactive learning tools not only make teaching engaging but also facilitate the
acquisition of new knowledge through direct experiences and active participation.

To test this, we conducted an experiment at the University of Szeged, comparing two introduc-
tory mathematics courses: the Mathematics Teacher Training Program (experimental group) and
the Mathematics BSc Program (control group). Our findings indicate that the use of visual and
interactive tools significantly improved students’ performance. This article presents opportuni-
ties for applying visual teaching aids in various topics aiming to enhance the learning process’s
efficiency and the experiment’s results.

To our knowledge, this is the first study in Hungary that comprehensively examines the impact
of visual tools on university-level mathematics education over an entire semester, rather than
focusing on a short specific topic.

1 Introduction
Today’s university students are accustomed to the immediate feedback and visual stimuli of the digital
world [12]. Their learning habits significantly differ from traditional approaches, posing new chal-
lenges to the education system. Due to the continuous influx of visual stimuli on their smartphones,
they are accustomed to receiving and requiring a sequence of short, successive stimuli. A 90-minute
lecture, or even a 45-minute class focusing predominantly on textual information, tends to be felt
overly long, difficult to follow, monotonous, and fails to maintain their attention.

Taking these challenges into account, we believe that integrating visual elements, diagrams, and
interactive teaching aids into the curriculum is necessary to enhance learning efficiency and sustain
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attention. These types of teaching materials not only make learning enjoyable but also help students
acquire new knowledge through direct experiences and active engagement [19], [7].

Numerous studies support the benefits of using visual aids. The role of visualisation is relevant
from an early age, as it facilitates conceptual understanding and problem-oriented thinking [4]. How-
ever, this impact is not limited to early childhood; later, in higher education, it aids in comprehending
abstract concepts while also boosting motivation [11], [14], [17]. The use of diagrams and graphical
tools is especially beneficial in mathematics education, particularly when solving complex, multi-step
problems. Fortunately, many examples in mathematics education lend themselves to visual represen-
tation [6], [3], [7], [19].

This article presents instruction supplemented with visual aids and analyzes its effectiveness in
university mathematics teaching. Specific tasks and proposals for utilizing visual aids are discussed
in [20].

We tested the effectiveness and applicability of our method through an experimental program at
the University of Szeged. During the research, we compared two similar introductory mathematics
courses: in the experimental group (Mathematics Teacher Training Program; MT, 16 students), we in-
tegrated visual aids into the teaching process, while in the control group (Mathematics BSc Program;
BSc, 22 students), traditional teaching methods were applied.

In analyzing the results, we aimed to determine the extent to which visual tools contribute to
improving students’ performance and how these methods enhance the learning experience. In the
following sections, we briefly outline the teaching method, present the methodology and results of
the study in detail, and conclude with future plans and tasks.

2 Teaching Strategies and Approaches
The course is a compulsory first-semester subject for both the Mathematics Teacher Training Program
(MT; experimental group) and the Mathematics BSc Program (BSc; control group), with content in
the two being nearly identical. The course aims to deepen and practice the high school-level inter-
mediate mathematics curriculum while laying the foundation for the advanced knowledge required
for university studies. Based on years of experience, we have observed that students entering the
BSc program typically possess deeper initial knowledge and have four weekly hours for the course,
compared to two in the MT. This additional time allowed the control group to engage in more prac-
tice with both a higher quantity and difficulty of problems, enabling them to explore certain issues
in greater depth. To address this disparity, we developed visual aids specifically for the MT group,
aiming to bridge the knowledge gap and mitigate its impact.

For the experimental group, we created various simple graphics, animations, dynamic, and inter-
active resources. At least half of the tasks in each topic were supplemented with such visual aids,
whether for in-class exercises, homework, or assignments. In this section, we demonstrate, through
specific examples, how dynamic visuals and visual aids were integrated into high school mathematics
problems for the experimental group. These tools not only added visual appeal but also effectively
supported the development of problem-solving and modeling skills while improving text comprehen-
sion and problem-solving abilities.

While the control group also made use of traditional visualization tools—such as algebraic tables
or graphs drawn on the board—they did not use any digital or interactive tools. The range and intensity
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of visual methods applied in the experimental group went significantly beyond this baseline.
The experimental group was taught by the second author of the paper, so there was no need to

train an external teacher in the methodology associated with the developed approach. The control
group was instructed by another qualified high school mathematics educator with a similar profes-
sional background and enthusiasm. This ensured consistency in course quality and methodological
approach, helping to mitigate potential teacher-related biases.

2.1 Simple Algebraic Visualizations
To address common algebraic errors observed in previous years, we created simple graphics aimed
at making algebraic calculations more engaging. Studies (e.g., [17]) confirm that students can more
easily organize their knowledge with the help of such visuals, leading to better retention and easier
recall of concepts and methods. Our own experiences support these findings as well.

Unfortunately, many students struggle with understanding and correctly applying the Balance
Method, and this also presents a challenge for them. To aid their comprehension, we created the
following diagram, which visually illustrates the preservation of equality through equivalent transfor-
mations.

Figure 1: Visual Representation of the Balance Method

2.2 Simple Graphs
When analyzing inequalities, as well as equations and systems of equations, we find the function-
based approach highly beneficial. Students often solve problems algebraically, as this is the method
they were primarily taught in high school. However, representing the function’s graph in a coordinate
system not only makes the solution process shorter but also more intuitive (Figure 2), helping to
clarify why a problem has no solution, a single solution, or multiple solutions.

Combining graphical and algebraic approaches enhances understanding, serves as a tool for veri-
fying steps, reduces errors, and strengthens conceptual grasp. This integration encourages students to
critically assess their solutions and gain deeper insights into mathematical relationships.

2.3 Animations, Dynamic and Interactive Teaching Materials
2.3.1 Developing a New Perspective

We created numerous visual teaching aids, primarily using the GeoGebra and MS PowerPoint. Unlike
static diagrams, dynamic resources help students interpret and understand the role of parameters and
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Figure 2: Graphical Representation of Logarithmic Inequality

solve parameter-based problems correctly. They enable us to present mathematical concepts through
novel and illustrative approaches.

The dynamic GeoGebra teaching aid shown in the Figure 3 and accessible via [9] was designed
for the topic of inequalities involving absolute values.

In this application, the inequality
|x− a| ≤ b

is examined through the analogy of illuminating with a flashlight. This representation visualizes
the solution set of the inequality and its geometric interpretation for different parameter values. The
direction of the inequality can also be reversed in the aid, and the right side of the diagram dynamically
displays the standard graphical analysis.

This vivid representation of inequalities involving absolute values helps students grasp the concept
of distance, which is essential for understanding abstract topics in calculus and avoiding incorrect
algebraic solutions, such as 3 < x < −1.

Figure 3: Graphical Analysis of Absolute Value Inequalities

Absolute value problems of this type are traditionally taught using case analysis. When appropri-
ate, the graphical interpretation is drawn on the board by the instructor.

2.3.2 Word Problems

Word problems in mathematics are becoming increasingly challenging not only for high school stu-
dents, but also for university students. This can be attributed, among other reasons, to the strong
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correlation between problem-solving processes and reading comprehension skills [18], [3], which,
according to PISA studies, are rapidly deteriorating [15]. We employed two alternative methods:

• Word Problem → Visual Aid → Model

It was particularly important to create animations and digital teaching aids for various word prob-
lems, as visual representation of the information-such as graphical depiction of the scenarios de-
scribed in the tasks-significantly aids students in understanding the text. Students can independently
interpret the mathematical problems underlying the word problems. Furthermore, dynamic, inter-
active teaching aids allow students to formulate hypotheses and solution ideas through individual
experiments and observations (Figure 4).

Figure 4: Digital Teaching Aid for a Motion Problem

In this learning environment, the instructor acts as a facilitator who supports students in using the
program and helps them organize their solution ideas without dominating the educational process.
This approach to word problems greatly encourages independent learning and fosters critical thinking
through experimentation [2].

In traditional teaching approaches, word problems are typically processed in a linear sequence,
following the Word Problem → Model steps, without the use of visual aids.

• Visual Aid → Word Problem → Model

In traditional instruction, the Visual Aid → Word Problem → Model approach to solving word
problems is not applied at all. In relation to word problems, we incorporated creativity-demanding
tasks into the teaching process of the experimental group. These tasks required students to create
solvable word problems based on an image or animation (Figure 5).

In these types of tasks, students need to formulate and solve mathematical questions based on
visual information. This develops their spatial imagination and abstract thinking [1], while also
strengthening reading comprehension skills, as describing the problem they devised demands pre-
cise and clear text creation [8]. Additionally, visual-based tasks can increase students’ motivation
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[10], as they create an experiential learning environment that actively involves them not only in the
solution process but also in problem creation.

As a homework assignment, students were tasked with formulating and solving a word problem
based on the image and data shown in Figures 5 and 6 below.

Figure 5: Creating a Word Problem Based on an Image

Figure 6: A solution detail submitted by an MT student for the task above

We observed that this processing approach encouraged interest even in more complex motion
problems.

3 Experimental and Control Groups
All students from the respective programs participated in the study, with no selection process involved.
Although advanced-level mathematics exams are not required for admission to either the MT or the
BSc Programs, 5 out of 16 students in the experimental group (31%) and 13 out of 22 students in the
control group (59%) had completed advanced-level exams. Therefore, we expected the MT students
to have a significant initial disadvantage compared to the BSc students.

The curriculum for both groups followed the same problem book [13]. However, the experimental
group had only 2 weekly hours compared to 4 weekly hours for the control group. Additionally, the
BSc group’s deeper mathematical subjects provided better opportunities to develop problem-solving,
abstraction skills, and mathematical reasoning. Hence, we considered it a success of our method if
the gap between the two groups did not widen.
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4 Methodology of the Study
The experimental group engaged with the material using the proposed teaching method, whereas the
control group was taught through conventional approaches. Our aim was to determine how visualiza-
tion affects student performance, measured through a diagnostic test at the beginning of the semester,
a final test at the end, and midterm assignments.

The initial test primarily included tasks from the intermediate-level high school curriculum, while
the final test incorporated advanced-level tasks studied during the course. The initial test was com-
pleted by 16 students from the experimental group and 22 from the control group, while the final test
was taken by 15 students (4 with advanced-level high school mathematics) in the experimental group
and 14 students (10 with advanced-level mathematics) in the control group.

Both groups took the same test under identical conditions without the use of any aids. Motivation
to perform well was equally encouraged by incorporating test results into the final course grade.

5 Results of the Study

5.1 Comparison of Diagnostic Test Results
The comparison of the initial and final tests is illustrated using bar charts to display the percentage
of completely correct answers. The width of the bars corresponds to the group size. The magenta
horizontal line indicates the average performance of the respective group, while the blue bars show
the averages for students with intermediate-level exams, and the green bars represent the averages for
students with advanced-level exams.

MT BSc

Initial Test
Correct Answers

100

80

60

40

0

20
11 5 9 13

MT BSc

Final Test

11 4 4 10

Several noteworthy and unexpected results emerged:

1. At the beginning of the semester, the diagnostic test results showed a minimal advantage for
the MT group over the BSc group, based on average performance. However, this difference
was minimal because the ratio of intermediate- to advanced-level exams varied significantly
between the groups. When comparing students with the same level of high school exams, the
MT group’s performance was noticeably better.
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2. By the end of the semester, despite fewer BSc students taking the final test, and with the ratio of
advanced-level students improving (from 13–9 to 10–4), the MT students achieved significantly
better average results. Not only did they match the overall average of the BSc group, but their
performance clearly exceeded it.

3. Comparing the two tests, the final test was naturally more challenging. This is evident from
the weaker average performance of BSc students with advanced-level exams. In contrast, MT
students showed significant improvement among both intermediate- and advanced-level exam
holders, demonstrating the success of our method.

4. The diagnostic test also confirmed that students with intermediate-level high school exams gen-
erally arrive with inadequate calculation skills. This was already noted in the need to create a
visualization for the Balance Method (Figure 1). It is clear that greater emphasis on fundamen-
tal calculation skills is necessary at the intermediate level.

A similar conclusion can be drawn if we evaluate the tests using the traditional grading guide
applied to national high school exams:

Partial grading

MT BSc

Initial Test100

80

60

40

0

20
11 5 9 13

MT BSc

Final Test

11 4 4 10

For students who completed both the pre-test and post-test (N=29), we examined the effectiveness
of the method using non-parametric statistical tests. First, we used the Wilcoxon signed-rank test to
determine whether there was a statistically significant difference between the pre-test and post-test
scores of individual students. In the MT group, we found a significant improvement (p=0.0045),
indicating that students’ performance improved in a statistically verifiable manner over the semester.
In contrast, no significant change was observed in the BSc group (p=0.5749), meaning that their
results did not show a statistically detectable shift compared to the pre-test.

Next, we used the Mann–Whitney U test to compare the two groups, first in terms of post-test
performance and then in terms of the degree of improvement. We found no statistically significant
difference in post-test scores between the groups (p=0.1538), suggesting that their final performance
levels were similar. However, the difference in improvement was statistically significant (p=0.0415),
indicating that students in the MT group demonstrated a significantly greater degree of progress over
the semester than those in the BSc group. The effect size measured by Cliff’s delta (Cliff’s delta =
0.45) indicates a medium effect, suggesting that the instructional method applied in the MT group
had a meaningful impact on student development.

The Research Journal of Mathematics and Technology, Volume 15, Number 1

43



These findings suggest that the method used in the MT group supported student learning more
effectively than the traditional instructional approach used in the BSc group. While no significant
difference was found in the final performance between the two groups, students in the MT group
exhibited statistically verifiable greater improvement throughout the semester.

While partial scoring resulted in higher percentages, it masked the severity of the problem. There-
fore, in subsequent analyses, we focused exclusively on the percentage distribution of completely
correct answers to highlight shortcomings.

5.2 Comparison of Common Tasks in Midterm Tests
Due to the differing number of contact hours and, consequently, the varying depth of content coverage,
it was not feasible to fully align the midterm tests, which formed the basis for the students’ grades.

Only three common tasks were included, allowing for their comparative analysis.
The percentage distribution of completely correct answers is as follows:

Correct Answers

MT BSc

100

80

60

40

0

20
11 5 7 11

Despite the control group being allowed to use the standard mathematical table during the test,
the complexity of the tasks and the aforementioned deficiencies in calculation skills resulted in very
poor performance in both groups. Nevertheless, it is evident that the average performance of students
with intermediate-level final exams in the MT group matches that of students with advanced-level
final exams in the BSc group. In our opinion, this is due to the effectiveness of the visual method, as
we will substantiate in the following section.

6 Relevant Examples
Due to space constraints, we will detail only the three most illustrative tasks to demonstrate the pos-
itive impact of visualization. Alongside the percentage of correct solutions, we will also present the
frequency of diagram usage. Furthermore, we will briefly address problem-solving errors and include
a selection of diagrams created by students.
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6.1 Task: Solve the following inequality:

Initial test Final test

x2 − 9 ≥ 0 x2 + 2 ≥ x

Correct Answers

MT BSc

Initial Test
100

80

60

40

0

20
11 5 9 13

MT BSc

Final Test

11 4 4 10

Since solving the second task requires more complex reasoning, we neither expected nor observed
better average performance. A small portion of the errors stemmed from calculation mistakes, while
the majority resulted from incorrect square root extraction, reflecting a reliance on algebraic methods.

MT

Figures

BSc

Initial Test100

80

60

40

20

0 11 5 9 13
MT BSc

Final Test

11 4 4 10

By the end of the semester, the proportion of students in the experimental group who created
diagrams increased significantly, with nearly 70% of them producing some form of visualization for
the task. The visualizations took various forms, indicating that the students did not simply replicate a
single solution type (Figure 7).

6.2 Task: How many solutions does the following equation have?

|x+ 3|+ 1 = x+ 4

This type of problem appeared only in the final test. The following results were obtained:
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Figure 7: Diagrams created by the experimental group for Task 6.1

MT BSc

Correct Answers
100

80

60

40

0

20
11 4 4 10

MT BSc

Figures

11 4 4 10

The experimental group achieved significantly better and outstanding results compared to the
control group, with a much higher proportion of diagrams created. The errors stemmed from the
incorrect use of the algebraic method of case separation. Based on this example, the role of graphical
representation in providing the correct final result is convincing (Figure 8).

Figure 8: Diagrams created by the experimental group for Task 6.2

6.3 Task: Solve the following inequality:

2 cos2 x− 5 sinx− 4 ≤ 0
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Finally, we analyze in detail the task from the mid-term test on which students performed very
poorly, in order to better understand which steps posed difficulties and where visualization provided
support. For this purpose, the solution of the task was divided into two parts.

• Part 1: Based on the trigonometric identity cos2 x = 1−sin2 x, the formulation of the quadratic
inequality by introducing a new variable, followed by the correct solution of the equation and
then the inequality.

MT

Correct Answers

BSc

Equation solution
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20
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MT BSc

Inequality solution

11 5 7 11
MT BSc

Figures

11 5 7 11

The experimental group performed better even in the first part of the task. Both groups were able
to correctly formulate the quadratic inequality at a similar rate; however, the use of the quadratic for-
mula posed slightly more problems for the control group. It was evident that transitioning from the
equation to the inequality remained a challenge for students, and unfortunately, no BSc student with
an intermediate-level high school graduation exam managed to complete this step successfully. Fur-
thermore, it is crucial to note that all students who created diagrams solved the inequality flawlessly.

• Part 2: The correct solution of the trigonometric equation and inequality.

MT
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Equation solution100
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MT BSc

Inequality solution
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MT BSc

Figures
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The experimental group not only created visualizations for the task at a significantly higher rate,
but, presumably with the help of the diagrams, were also able to solve the trigonometric equation at
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a higher rate. The solution to the trigonometric inequality was successfully achieved only by the MT
group, who either read it off from the unit circle or from the graph of the function (Figure 9). This
again demonstrates that graphical representation plays a key role in providing the correct final result.

The most common mistake resulted from incorrect diagram or graph creation, but several students
also made errors when converting the angle from degrees to radians. Unfortunately, some students
from the MT group, despite providing the correct graphical solution to the inequality, incorrectly
wrote the interval of the solution set. These were naturally not included in the correct solutions,
though it was simply a minor oversight.

Figure 9: Diagrams created by the experimental group for Task 6.3

7 Student feedback
We assessed the impact of visualization on student attitudes based on classroom work, as well as
through assignments and homework, and students were also able to provide anonymous written feed-
back about the course at the end of the semester.

The attitude change was clearly indicated not only by the significantly better classroom engage-
ment than usual, but also by the fact that even those students who otherwise struggled to follow the
solution process began to think through the problems using graphs and diagrams. This suggests that
the method stimulated creative problem-solving, and the students focused not only on traditional al-
gebraic solutions. It is particularly important to note that by the third lesson, every student in the
experimental group started tasks independently, without exception. In contrast, the control group still
left several tasks incomplete in the last test.

The quality and detail of the submitted tasks and homework clearly showed that students effec-
tively and enthusiastically used the supplementary materials. After the class, they were already in-
terested in what visual materials they would receive or what they would need to prepare themselves.
They looked forward to the upcoming tasks with sincere anticipation. The effectiveness of the sup-
plementary materials is further supported by assignment data: the average submission rate for the
five mid-semester assignments was 88.75%, and students achieved an average accuracy of over 70%
based on partial scoring.

The above conclusions were also reflected in the end-of-semester feedback:
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“The classes were good, especially the GeoGebra animations were really cool.”

“The idea is great, and it would be good to have a course like this in several semesters.”

“The course helps expand and deepen high school material.”

“Very important course, it helped bring students with different levels of prior knowledge
to the same level.”

“It was my favorite class.”

“Very enjoyable, we made good progress, clear and fair expectations.”

8 Conclusion
Surprisingly, the average of the pre-semester assessment showed a minimal advantage for the ex-
perimental group over the control group. In the case of the experimental group, we supported the
review and expansion of high school knowledge with visual aids and new presentation methods. This
engaging, visually appealing approach not only made learning more motivating but also encouraged
students to engage in independent learning. Our primary goal was achieved: the experimental group’s
results, due to the differing number of lessons and the varied depth of mathematics subjects, did not
fall short of the control group’s level.

Despite the small sample size, the presented data clearly demonstrate that we not only met the
minimal expectations but also achieved results far surpassing our goals. The performance of the
experimental group significantly increased, further extending its advantage over the control group.
Furthermore, the increased use of visualizations clearly demonstrates that students in the experimen-
tal group adopted a new, creative approach to problem-solving, confirming the method’s validity,
practicality, and effectiveness, along with its positive influence on student attitudes.

While we did not find studies specifically addressing the impact of visualization over a full-
semester university course, particularly in the context of mathematics teacher education versus math-
ematics training, several studies have demonstrated the significant effect of GeoGebra in comparison
to traditional teaching methods at the university level [5] [16]. These findings are in line with our own
observations, which show that visual tools, such as GeoGebra, not only have a significant impact on
academic results but also positively influence student attitudes.

9 Future Directions
Following the completion of the article, we plan to further revise the curriculum of the Practical
Courses, adapting it to the lower knowledge level of students studying under the 2020 National Core
Curriculum. Based on the results of the research, the aim is to further develop and align the methods
so that future students can apply visual tools and methods more effectively in their mathematical
studies.

The Research Journal of Mathematics and Technology, Volume 15, Number 1

49



Later this year, we aim to repeat the testing of our method within a larger course of over 100
students. We plan to refine the methods, such as expanding the types of visualizations and tailoring
them to meet students’ individual needs.

Last but not least, a key task is the detailed description of the teaching methodology, which we
believe is an essential part of the method’s success, alongside the tasks equipped with visualizations.
This will also help our colleagues successfully adapt our method to their own teaching fields.
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[5] Diković, L. (2009). Applications GeoGebra into teaching some topics of mathematics at the
college level. Computer Science and Information Systems, 6(2), 191–203.

[6] Dockendorff, M., & Solar, H. (2018). ICT integration in mathematics initial teacher training
and its impact on visualization: the case of GeoGebra. International Journal of Mathematical
Education in Science and Technology, 49(1), 66–84.

[7] Engelbrecht, J., Llinares, S., & Borba, M. C. (2020). Transformation of the mathematics class-
room with the internet. ZDM, 52, 825–841.

[8] Fischer, F., et al. (2010). Deep-level comprehension of science texts: The role of visualizations
and self-explanation prompts. Learning and Instruction, 20(6), 465–475.

[9] GeoGebra (2024). GeoGebra Teaching Aid. https://www.geogebra.org/m/
dumgtbkf

[10] Goldin, G. A. (2014). Perspectives on emotion in mathematical engagement, learning, and prob-
lem solving. International Journal of Mathematical Education in Science and Technology, 45(1),
75–88.

[11] Lin, C. (2022). Use Progressive Visualization Teaching Method to Improve Learning Motivation
of Calculus Courses. The European Journal of Social & Behavioural Sciences, 31(2), 92–110.
https://doi.org/10.15405/ejsbs.315

The Research Journal of Mathematics and Technology, Volume 15, Number 1

50

https://doi.org/10.3389/fpsyg.2016.00191
https://www.geogebra.org/m/dumgtbkf
https://www.geogebra.org/m/dumgtbkf
https://doi.org/10.15405/ejsbs.315


[12] Marin, K. A., & White, S. J. (2023). Generation Z goes to math class: How the effective mathe-
matics teaching practices can support a new generation of learners. School Science and Mathe-
matics, 123(1), 31–37.
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org/10.47833/2024.1.CSC.003

The Research Journal of Mathematics and Technology, Volume 15, Number 1

51

https://www.oecd.org/en/publications/pisa-2022-results-volume-i-and-ii-country-notes_ed6fbcc5-en/hungary_3df2ae68-en.html
https://www.oecd.org/en/publications/pisa-2022-results-volume-i-and-ii-country-notes_ed6fbcc5-en/hungary_3df2ae68-en.html
https://www.oecd.org/en/publications/pisa-2022-results-volume-i-and-ii-country-notes_ed6fbcc5-en/hungary_3df2ae68-en.html
https://doi.org/10.1007/s11858-019-01118-9
https://doi.org/10.1007/s11858-019-01118-9
https://doi.org/10.47833/2024.1.CSC.003
https://doi.org/10.47833/2024.1.CSC.003


 

Revealing the secrets of the number pi 

and copper number algorithms 

 

Adrián Silva Ulloa 
e-mail: adrian.silva@uft.cl 

Faculty of Civil Engineering 

University Finis Terrae, Santiago, Chile 
 

Abstract 

The present text constitutes a compilation of humanity's fervour to ascertain the enigmatic number pi, 
entitled "Revealing the secrets of the number pi and the algorithms of the copper number". In this essay, 
we seek to illuminate the hidden intricacies of this number, explore its potential connections with other 

numerical entities, investigate the alleged falsehoods associated with its proponents, and delve into more 
complex subjects by employing calculus, series, and contemporary technologies. The document's 

intention is to demonstrate the methods and justify the interesting procedures that lead to the solution of 

numerical problems, with a particular focus on the number pi. It is a valuable resource for 
mathematicians, computer scientists, and anyone with an interest in formulas or the human ingenuity 
behind their discovery. The author posits that each contribution of knowledge leads to a subsequent step, 

and the discovery of the so-called "absolutely convergent series" will allow the reader to devise an 
algorithm to find all the digits of pi. 

 

Introduction 
We provide the reader with basic instructions to deepen the topics of classical geometry, use of freely available 

computational tools and the background of the most relevant concepts of numerical calculus such as series and 
limits, which will allow us to contextualize theoretical foundations to unravel the enigmatic number pi. From the 

perspective of mathematical authors, in history, we can perceive the longing and inspiration that lead to the 

discovery of an emblematic problem defined by Archimedes as “The squaring of the circle” and later named by 

Euler with the Greek letter (pi) (𝜋). A problem that existed long before and that apparently in all ages unified 

wise men in a common purpose. All these authors wrote about it, committed themselves to obtaining it, motivated 

by being the first to see what others had not been able to, and then, in the face of failure and resignation, they 
gave way to future generations. 

 

One of the most important numbers in mathematics is the number pi, probably not a common or necessary 

number for many people. However, this number is present in a large number of equations and is part of the 
solution of many scientific statements. Some important examples, it is present in Albert Einstein's famous 

equations of general relativity, in the cosmological constant of the gravitational curvature tensor 𝐺𝜇𝑣 =
8𝜋𝐺

𝑐4
𝑇𝜇𝑣. 

It is also present in the Heisenberg uncertainty principle, which introduces a fundamental limit of particle theory 

and where the energy of a photon with angular frequency 𝜔 = 2𝜋𝑓, can be expressed as 𝐸 = ℎ̅𝜔, which is one of 

the most important formulas of quantum mechanics [8]. The number pi is found in many other formulas and 
equations, in probability theory, in more tangible matters, perhaps, such as in the geometry of space, and it is 

because of this that some scientists distinguish it with a metallic name of “copper”, since it is in many cases the 

essence of things.  

 
The challenge associated with the number pi is to find more and more of its decimals, since it is irrational, 

transcendent and to get to it will have to pass first through infinite limits and Euler's e number. Obtaining its digits 

became a kind of competition among scientists and computer scientists in the world. The current record is held by 
a data storage company called Solidigm [10], who announced it in March of this year 2024, before 2023 the 

record belonged to Google Cloud. The company announced on March 15 (date that celebrates the day of the 

number pi within the year) that they had managed to reach the mark of 105 trillion digits of this number, but this 
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changes very fast and it seems to me that already in August this year is around 300 trillion decimals discovered, 

using computational methods, which demands large amount of memory and large amount of processes. This may 

be crazy, but Akira Haraguchi, a Japanese engineer and mental therapist, is known for breaking the world record 
for memorizing digits of the number pi, which he managed to remember 100,000 digits and demonstrated it on 

October 3, 2006. Akira started reciting the decimals of pi in the plenary hall of the city hall of Kisarazu, Japan, 

and it took him a total of 16.5 hours to recite all the digits he had memorized without making any mistakes [9]. 
Could this be another obsession of the human fervor for discovery? What could be obtained if we achieve more 

decimals of pi, some believe that something can happen, and the fact of being able to work with infinitely large 

numbers such as Graham's number or others incredibly accurate as pi, could perhaps open doors to unexplored 
areas of knowledge.    

 

In this essay, we will develop background issues that lead to obtaining these decimals of pi and knowing that 

computers are capable of so much more, we will be able to see the digits of pi and help Akira recite the decimals 
to count from 100,001 onwards. We will explain motivations, use tools and give an account of some secrets, 

which are kept in patents of those who have made this work a professional activity. We will explain the most 

famous methods and describe how to arrive at a new algorithm, of our authorship in Python, which we will call 
Algorithm ASS. 

 

 

The devastating problem of squaring a circle  
It is imperative to note that in order to approach geometric structures, the utilization of Geogebra is 

strongly recommended. 

Throughout history, mathematicians and geometers, whether 

amateurs or seasoned professionals, have consistently 

endeavored to explore these concepts.  

 

The objective is to derive a square with an area equivalent to 

that of a circle through a finite mechanical sequence of steps. 

In antiquity, this process entailed the repeated use of a 

compass, transforming a square into a circle and vice versa.  

 

The crux of the challenge lies in the intractability of obtaining 

a segment of length equal to the irrational number pi, 

approximately 𝜋 ≈ 3.141592653589794. However, it is 

possible to obtain a segment that measures an irrational 

number of a similar nature, such as the numbers: 

 
Figure 1. Graphic relationship of the 

same area, expressed in a square and a 

circumference. 

The graphical relationship of the same area, expressed in a square and a circumference, is the same for 

√2 (the diagonal of a square with a side length of 1) or √5 (the hypotenuse of a triangle with legs of 

lengths 2 and 1), or in general for √2. This revelation, however, was previously unknown, and 

throughout history, the same problem persisted, prompting mathematicians to engage with it repeatedly. 

Perhaps because this kind of problem did not seem too complex for a somewhat experienced 

geometrician, many claimed its solution, like the root of 2, was possible. 
 

Part 1. What you need to know before knowing pi 
This part is intended to investigate foundational aspects of mathematical thinking and to recognize 

geometric and mathematical representations that establish numerical regularities. Processes that 

occurred in the history of mankind and are closely related to the number pi.   
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1.Perimeter and area of a circle  
The Egyptians are credited with many of the primary geometric and mathematical concepts that the 

Greeks used in their writings. It is evident that Egyptian, Mesopotamian, and Indian mathematics 

inspired Greeks such as Thales of Miletus (between 624 B.C. - 546 B.C.) and Pythagoras (582 B.C. - 

507 B.C.), who gave the initial start to Greek mathematics, or Hellenic mathematics, after the time of 

Alexander the Great and before the Roman Empire, around 27 B.C.  

 

The Egyptians, using an approximation of 

the number pi, made their calculations 

evident when they tried to roll a circle with 

a drop of ink on papyrus, with which they 

had an excellent approximation of the 

perimeter 2 𝜋 𝑟, applying proportions 

showed regularities that showed signs of 

possessing a secret factor implicit in the 

operation with 2 𝜋, which was related to the 

perimeter of the circle of radius 1.  

 

Figure 2. Rotational displacement of a wheel starts 

from a mark until its circumference is reached. 

 

The Rhind Papyrus (or Ahmes Papyrus, its author dates 

from about 1650 B.C.) to how to find the value of 𝜋 by 

approximating the area of a square with sides 4 and then 

8 to that of a circle with diameter 4 and then 8. The area 

of the circle is approximately equal to the area of an 

octagon (irregular) of 12 and 24 sides. More details are in 

the publication of [18] Beckmann P. (1971) Publishes A 

History of Pi.St. Martin's Press.  
 

 
Figure 3. Circle inscribed in a Square. 

The Square is divided to establish an 

approximate measurement of each side 

of the irregular polygon, approximating 

the perimeter. 

3 +
1

9
+
1

27
+
1

81
=
256

81
≈ 3.16 

2. Archimedean Polygons  
It was Archimedes (Archimedes of Syracuse ac. 287 - ac. 212, with an astronomer father) who 

formalized the problem and managed to have a good approximation of the area of a circumference. 

He also managed to do many other things, he was a renowned mathematician of the time and was 

very advanced with his ability to perform physical, mechanical, hydrostatic and other applications, 

in almost all areas of science. In particular, when he needed the area or perimeter of a circle, he 

knew that a constant was implicit here, since when modifying the size of the radius in the formulas 

of the area 𝑃𝑖 ∙  𝑟2 and the perimeter 𝑃𝑖 ∙  2𝑟 (of his own authorship), it was only necessary to 

multiply by this constant 𝑃𝑖. Then he proposed to approximate the perimeter of a circumference of 

radius equal to 1 (where the unit could be the customary one in Greek times, 1 palame, which was 

the width of the palm of the hand without the thumb) and he was aware that then he only had to 
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divide it in half. He considered from the center the 360 degrees of the complete angle, dividing it 

into equal parts depending on the number of sides of an inscribed polygon and another 

circumscribed to the circumference. He used trigonometry on each concentric triangle to obtain the 

lengths of the sides of each polygon and increased the sides of each polygon to "enclose" or bound 

the value of the perimeter length measure [5].  
 

Thus, depending on the number of sides of the polygon, the cosine of the angle is determined. This task 

was undertaken by Archimedes with a polygon of 96 sides. Let us recall that r=1, and   
360

96
=
15

4
=

3𝑜45′ = 3.75𝑜  [2] 

 

2𝜋 ≈ 96 ∙ √2 − 2 cos(3.75𝑜) ≈ 6.282 =
3141

500
     So:   𝜋 ≈

3141

1000
= 3.141 

 

He succeeded in bounding pi from below with the inscribed polygon [6], and then from above with the 

circumscribed polygons of 96 sides, thereby obtaining bounds for the value of pi.: 
 

3.141 < 𝜋 < 3.142 
 

𝛼 =  360/𝑁 central angle of each concentric triangle 

starting from one of the sides of the N-sided polygon.   

𝐿𝑐 will be the side of the circumscribed polygon.  

𝐿𝑖 will be the side of the inscribed polygon.  

𝑟 will be the radius of the circumference, which will be 1.  

𝑁 = 6 is the case of the figure on the right. Then:  

 
𝐿𝑖/2

𝑟
= sin (

𝛼

2
)        𝑦      

𝐿𝑐/2

𝑟
= tan (

𝛼

2
) 

 

If we look only at the situation of the inscribed polygon, it 

is deduced by trigonometric identity of the mean angle [1]:  

𝐿𝑖 = 2𝑟 sin (
𝛼

2
) = 2𝑟 √

1 − cos (𝛼)

2
= 𝑟√2 − 2 cos𝛼  

Figure 4. By regular polygons inscribed 

and circumscribed to the circumference 
of radius 1. 

 

Then, according to the number of sides of the polygon, the cosine of the angle is determined. 

Archimedes did this task with a 96-sided polygon. Recalled that 𝑟 =  1, and  
360

96
=
15

4
= 3𝑜45′ =

3.75𝑜 [2]  

2𝜋 ≈ 96 ∙ √2 − 2 cos(3.75𝑜) ≈ 6.282 =
3141

500
   Thus: 𝜋 ≈

3141

1000
= 3.141 

  

He was able to bound below pi with the inscribed polygon [6] and then above the value with 

circumscribed 96-sided polygons, obtaining dimensions for the value of pi:  

 
3.141 < 𝜋 < 3.142 
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3. Fractional representation of real numbers by Euclid's algorithm  

 
Approximation of a decimal.   

Let𝑎, 𝑏 be any positive integers, with 𝑎 ≠ 𝑏 and 𝑎 <  𝑏. What we want is to obtain an 

approximation of the fraction 
𝑎

𝑏
.  By the division algorithm we know that there always exists 𝑞0 ∈ ℤ 

such that we can write: 𝑏 = 𝑎𝑞0 + 𝑟0  with 0 ≤  𝑟 <  𝑎. Graphically, the situation is:  

  

For the case in which 𝑞 = 3  

 also exists 𝑞1 ∈ ℤ and 𝑟1 such that:   

𝑎 = 𝑟0𝑞1 + 𝑟1 with. 0 ≤ 𝑟1 < 𝑟0 

This is interpreted with the graph:  

  For the case in which 𝑞1 = 1 

Thus, we summarize that:  
𝑎

𝑏
=

𝑎

𝑎𝑞0 + 𝑟0
=

1

  
𝑎𝑞0 + 𝑟0
𝑎   

=
1

  𝑞0 +
𝑟0
𝑎   
=

1

  𝑞0 +
𝑟0

𝑟0𝑞1 + 𝑟1
  
=

1

  𝑞0 +
1

  
𝑟0𝑞1 + 𝑟1
𝑟0

  
  
=

1

  𝑞0 +
1

𝑞1 +
𝑟1
𝑟0

  
 

As you can see, a convenient stepwise decomposition occurs. Now if the purpose is to have as good an 

approximation as we want and we will get to one of the finites 
𝑟𝑛+1

𝑛
, we will replace them with a value 

like 1.  

  

For example, let's obtain by this algorithm a reasonable fractional approximation for the decimal 

number 0.5555 and use all the decimals that the calculator gives us. We start by first asking how many 

times the unit can be contained in 0.5555 and since it is not, then: 0.5555 ≈ 0 +
1

𝑏
. We decompose 𝑏 

asking ourselves how many times the first remainder 0.5555 is contained in the unit, from the question 

1

0.5555
= 1.80018⋯, the answer is 1, and we say: 0.5555 ≈

1

1+
1

𝑐

. We continue decomposing 𝑐 with 

remainder 𝑟1 = 1 − 0.5555 = 0.4445, and ask ourselves how many times is contained in 0.5555, the 

operation is 
0.5555

0.4445
= 1.24971 ⋯, and the answer is 1 again.   We already have: 0.5555 ≈

1

1+
1

1+
1
𝑑

. Now, 

we continue with the next remainder 𝑟2 = 0.5555 − 0.4445 = 0.111 

And we answer how many times it is contained in 0.4445, with the operation 
0.4445

0.111
= 4.0045, the 

answer is 4.  

If we leave the algorithmic approach up to this point, we obtain: 0.5555 ≈ 
1

1+
1

1+
1
4

 =  
5

9
 .   

You can confirm that this fractional approach is of very good quality.  
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Decimal approximation of the root of 2. Let's try with another number, let's get a fractional 

approximation of the number √2, which we know is irrational and use Geogebra to recognize with the 

compass when one segment is contained in the other [4].   

 

Let's start with a segment that measures this value 

I am referring to the diagonal of the square, of side one 

unit. You can verify by the Pythagorean Theorem this 

statement, being the hypotenuse of one of the halves of the 

square and being right triangles, the measure of the 

diagonal is exactly √2. Now we can have a geometric 

representation, using a compass. We start with a circle with 

center at the lower left vertex and radius 1, it responds to 

the idea that how many times the side of the square is 

contained in its diagonal, it digs only once. The excess of 

the diagonal (outside this first circle) ED, is taken up by the 

radius of another circle, which, with another of equal size, 

indicates that this excess is contained twice on the other 

part of the diagonal FE and GF. Continuing, AG is 

contained twice over the other component. 

 
Figure 5. Subdivision of the diagonal 

of a square with the Geogebra digital 

compass. 

 

This process is recorded as follows, the times that one segment is contained over the other is in dark 

color:  

𝟏 +
1

𝟐 +
1

𝟐 + 𝑑3

= 𝟏+
1

𝟐 +
1

𝟐 +
1

𝟐 +
1

𝟐 +
1

𝟐 + 𝑑6

=
99

70
= 1.414285714 

 

As you can see this compass procedure is exactly Euclid's algorithm. Thus, we obtain a reduced 

fraction, which has a very good approximation to the fourth decimal place.  = 1.414213562…  

  

Euclid's algorithm allows us to obtain the decimals with the desired precision, as it is a 

nomenclature, modern science calls it "continuous fractional form" and has a presentation format, 

which in this case is [1; 2̅]. 
Some scholars took this very seriously and you can see how an amateur mathematician defined a 

method that repeatedly included the root of 2, with which he managed to calculate the exact perimeter 

of a circumference, see [7].  
 

4. Hippocrates lunula area  
While the central problem of the "squaring of the circle" remained unsolved more than 240 years before 

Archimedes, other equally important issues were still around, and the news of the demonstration of the 

lunula of Hippocrates [Greek mathematician Hippocrates of Chios, 470 BC] spreads. This 

argumentation came to create hope also in the squaring of areas of a part of the circumference, which 

could serve to continue the work with the entire circumference.  
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Figure 6. Square of the Hippocrates 

lunula. The area of the square and the 

lunula are equal. 

The figure on the left corresponds to the squaring of the lunula, 

a fact that highlights the fervor of this type of theme at the 

time.   

  

These demonstrations were made with operations similar to 

the famous Pythagorean Theorem (published around 510 

BC), by which the Pythagorean school was created in Magna 

Graecia, a school of thought that combined philosophical, 

mystical and scientific aspects. It is that the Pythagorean 

Theorem was judged by history and it seems to have been 

discovered much earlier, the Babylonians already used it.    

   

Later, in another part of the world, the Arab mathematician Alhacen (945-1040 AD), recovered the 

same statement from the Lunulas. Perhaps he found the source, but at that time traveling was very 

difficult, the publications were handmade and possibly the temptation to be the author of these subjects 

in another region allowed to be valued among his peers, all limited to know the source. He tried with 

these arguments of the lunulae to square the circumference and admitted to having failed. Whatever the 

outcome, the lesson prompted others to rethink these issues. Alhacen had more virtues, he was a 

precursor of other trends in non-Euclidean geometry by exploring and proposing to modify the "5th 

Euclidean postulate of parallels" (the fifth postulate of Euclid's Elements). 

 

 

 5.The Fibonacci series  
Leonardo of Pisa, better known as Fibonacci (1170-1250 AD), in 1202 AD wrote his book "Liber 

abbaci" which means "the book of calculation". He explains in his publication about a sequence of the 

breeding and reproduction of rabbits, which in a few rules could estimate the number of rabbits that 

there would be in a certain time. The series is generated by the reproductive characteristics of the 

rabbits in an idealized environment, so that from a pair of rabbits they only reach reproductive maturity 

after three months. Thus, in the third month they have a pair of offspring (another pair of different 

sexes), and when these reach maturity in the third month they will be able to add another pair and so it 

would agree with the sequence counting the pairs of rabbits. Of course, rabbits are not born this way, 

but that does not matter as long as we describe a special phenomenon and as if things were this way. 

Fibonacci poses in his book the problem: how many pairs of rabbits are there after one year (12 

months)?  

Following the series:  

 

Fibonacci Series. This is the count of pairs of rabbits that would be in each month  

  
 

Answer: 144 pairs of rabbits completed the year. The curious thing about the exercise is that in order to 

know how many pairs of rabbits there will be next month, it consists of adding those of the two 

previous months. That is to say, at the 12th month 144 pairs were completed, when at the 10th and 11th 

month there were 55 and 89 respectively, it is confirmed 55+89=144.  
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This series was not exactly invented by Fibonacci, but he made it very popular in his book, rather all 

the rest of his work was devoted to making popular other Arabic methods of calculation that we all 

know today. It happens that Fibonacci's example became more and more known, because some 

followers rescued his legacy and collected different examples from nature, as if this series was a very 

probable sequence of the growth in various natural developments: the petals of flowers, stems of plants 

and leaves of cobs, etc. What is more, this seemed to relate strongly to another number in vogue in 

antiquity, a special number used by the architects of the time and referred to as the golden number, 

namely the number fi 𝜙. 

𝜙 =
1+ √5

2
 

= 1, 6180339887498948482045868343656381177203091798057628621354486227  

Interestingly, an incredible relationship was noticed between 𝜙 and the convergence of a limit that 

included the Fibonacci series: lim
𝑛→∞

𝐹𝑛+1

𝐹𝑛
= 𝜙   That is, if we divide two consecutive numbers of the 

Fibonacci series and do it  ¡ 𝑒𝑠 𝑒𝑙 144! 

progressively, we obtain the limit that is the golden number  
𝐹5
𝐹4
=
5

3
= 1.66⋯    ;     

𝐹6
𝐹5
=
8

5
= 1.6    ;    

𝐹7
𝐹6
=
13

8
= 1.625    

It is anecdotal how does one get to the other? It was one more of these discoveries and the appeal of 

mathematics. The relationship between the Fibonacci sequence with the number fi would also allow 

us to find any number in the sequence. It can be shown that, for a large number in the position of the 

Fibonacci series, the relationship is established:  

𝐹𝑛 ≈
1

√5
𝜙𝑛 This is deduced from Binet's formula (explained below).  

  

For example, what number will be in position 12 of the Fibonacci series, which we already know, 

but we will be able to confirm it..., it is calculated: 
1

√5
(1.618)12 ≈ 143.96    and we say then, 

when rounding,  ¡𝑒𝑠 𝑒𝑙 144!  As you can confirm in the rule above, this is true!  

 

 6.The gold number, the metallic numbers and out of this category the 

numbers: platinum and copper  
The golden number is the category that receives number𝜙 (also number of God). It was used by a 

Greek sculptor named Phidias, who was said to have a secret to establish the proportions of his works 

that made them especially attractive to the eye and it was this proportion𝜙 . Phidias' fame derived from 

the creation of the statue of Olympian Zeus, installed in the temple of Zeus at Olympia near Athens in 

the ancient Graces and considered one of the seven wonders of the ancient world.  

 

The principle consisted of a proportion that was apparently considered whenever it was required to 

draw the design of the human body and this was extrapolated to all objects in the scene. It was also 

used by Leonardo Da Vinci. But this secret hovered among the scholars who collected these curiosities 

of mathematics. It was described as a number that squared equals the same number plus 1.   

  

Euclid defines it in his work "The Elements" as "two numbers a and b are at golden ratio if and 

only if  𝑎/𝑏 = (𝑎 + 𝑏)/𝑎, which also indicates that it cannot be written between the division of 

two integers, it is an irrational. That is to say:  
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𝑎

𝑏
= 
𝑎 + 𝑏

𝑎
 

𝑎

𝑏
=  
(𝑎 + 𝑏)  ∶ 𝑏

       𝑎     ∶ 𝑏
  

If we collect the latter, we obtain:  
𝑎

𝑏
= 
𝑎/𝑏 + 1

𝑎/𝑏
 

𝜙 = 
𝜙+ 1
𝜙

 

Then, it is a number such that when squared it is equal to the same number plus 1:  

𝜙2 = 𝜙+ 1 

This condition coincides with the quadratic equation:  𝑥2 − 𝑥 − 1 = 0, which we can solve with the 

general formula:  

𝑥 =
1 ± √5

2
 

Now, if it is a geometric solution we should consider only the positive result: 𝑥 =
1+√5

2
  number that 

we already showed as irrational. Moreover, the other solution of the equation is 
1−√5

2
=
−1

𝑥
 

check it by rationalizing 
−1

1+√5

2

, the latter could be a coincidence? Interestingly this number can be 

expressed in a segment of the Euclidean plane, explained below in Geogebra. Note that this 

number Fi, has an incredible reduced Euclidean representation, with continuous fractional form [1; 

1]. Doesn't this representation seem idealized to you?   

As if it were the definition of "unit" for Euclid's algorithm.  

𝜙 ≈ 𝟏 +
1

𝟏+
1

𝟏+
1

𝟏 +
1

𝟏 + 1

=
13

8
= 1.625 

 

Achieving this number with the compass is very simple. Use Geogebra. 

 
Figure 7. We obtain sqrt(5) in the hypotenuse of the triangle with legs 1 and 2. 
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Proceed by creating a right triangle, where the square sqrt(5) is located on the triangle's hypotenuse, and 

the legs measure 1 and 2. Then, subtract 1 from this hypotenuse segment. The excess length is exactly 

the number phi. 

 

When the representation in Euclid's algorithm of this number𝜙 became known, some mathematicians 

considered it pertinent to give them a name. Argentine mathematicians led by Vera G. de Spinadel 

(1929 -) in 1994, called them "metallic number family" [12], these are positive quadratic irrational 

numbers, which correspond to the positive solutions of the quadratic equation: 𝑥2 − 𝑏𝑥 − 𝑐 = 0 where 

both b and c are natural numbers. The number 𝜙 was called the golden number, of course the metallic 

number family is larger and its name has an explanation related to Euclid's algorithm.  

  

At the time it was believed that this number could be the precursor of a new numeration and could be 

like the much sought after number pi, but clearly they were of different natures. The number 𝜙 was 

more related to a class of geometric and proportional numbers that were used as geometric series, in 

the context of arts and nature. With these quadratic equation solutions, we can explain the relationship 

it has with the Fibonacci series.  

We have already said that: 
𝐹𝑛+1

𝐹𝑛
= 𝜙 when n is very large, and by the related property of Fibonacci: 

𝐹𝑛 + 𝐹𝑛+1 = 𝐹𝑛+2 

Then:  
𝐹𝑛+2
𝐹𝑛+1

=
𝐹𝑛+1 + 𝐹𝑛
𝐹𝑛+1

= 1 +
𝐹𝑛
𝐹𝑛+1

 

 

We collect the extremes of this equality:  
𝐹𝑛+2
𝐹𝑛+1

= 1+
1

𝐹𝑛+1
𝐹𝑛

 

Thus this will happen again for another n+1, and we are presented with a Euclidean reduction as n 

grows, in identical form of 𝜙. 
𝐹𝑛+3
𝐹𝑛+2

= 1 +
1

1 +
1
𝐹𝑛+1
𝐹𝑛

             
𝐹𝑛+4
𝐹𝑛+3

= 1 +
1

1 +
1

1 +
1
𝐹𝑛+1
𝐹𝑛

 

In addition, the French mathematician Jacques Philippe Marie Binet (1786), defines the well-known 

Binet formula, which uses the two solutions of the quadratic equation already mentioned, and 

expresses something difficult to believe:  

𝐹𝑛 =
1

√5
((
1 + √5

2
)

𝑛

− (
1 − √5

2
)

𝑛

) 

In this case, when n is very large we can eliminate part of the expression since lim
𝑛→∞

(
1−√5

2
)
𝑛

→ 0 

  

Other numbers were classified among the family of "metallic number family" [12], but none came from 

the numbers that motivate us, since the family was limited only to those that fulfilled the condition of 

being solutions of quadratic equations, which neither𝑒 or pi do.   
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There are no official associations of metals with the numbers𝑒 (Euler) or pi, but some mathematicians 

have proposed: The number 𝒆 (Euler) is associated with platinum, because of its rarity and value in 

mathematics; the number 𝝅 is associated with copper, because of its importance in geometry and 

circumference (or because it connects everything like electrical wiring).  
 

7. Calculating numerical accuracy, relationship between old and new 

methods   
The representation of decimal numbers in a computer is called floating point. This representation has a 

finite decimal point which under a robust numerical framework can be extended so that the computer 

considers more decimals. The usual numerical packages such as MatLab, SciLab, Mathematics; 

maintain a standard precision level of 15 decimal places, the rest are filled with zeros, depending on the 

number of operations required, since the numerical control algorithms maintain precision in iterated 

multiplications and divisions. The compensation of the decimal representation further away from the 

range is achieved with algebraic expressions such as fractions and Euclid's algorithm. So these 

structures are not dismissed out of hand, as if they were discontinued or obsolete. By no means, these 

old structures are used in large computational processes and operations. Today there are powerful tools 

available on the Internet, Wolfram Alpha: Computational Intelligence [11], which we will use to query 

numerical services without getting into the complications of representation.  

  

Imagine that decimals can be stored in a vector of digits, so that they are treated as large numbers 

instead of tenths. The purpose will be to operate and update the results with long vectors of digits, where 

position is relevant.  

 

The square root of 3 or sqrt(3) with the digital compass in Geogebra  

 

 

Figure 8. Sqrt(3) is obtained with a right 
triangle, with sqrt(2) and 1. 

The sqrt(3) can be obtained in a segment with 

the Geogebra computer program.  

  

We know that √2 corresponds to the diagonal of 

a square with sides 1. Therefore, if we build on 

this diagonal another right triangle with a leg on 

this diagonal and a leg of measure 1, the 

hypotenuse will be √3 

 

Surely you already knew this geometric 

representation. Now we will use Euclid's 

theorem to obtain the reciprocal 
1

√3
 

 I hope to surprise you a little with this idea. 

The segment √3 was used as the leg of a right 

triangle at F, the other leg of length 1.   
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Figure 9. The reciprocal value of the sqrt(3) is 

obtained by extending the segment and applying 

Euclid's Theorem. 

Then another right triangle with red legs is 

completed (as shown in the figure). The 

prolongation of the segment where the root of 

3 was, according to Euclid's Theorem 

corresponds to the reciprocal of the root of 3  

 

 

If you weren't surprised, maybe with this one you will be. The reciprocal of root of 3 will be a number 

we will need later, and we require all its decimals to be considered by a large computer. We need, 

perhaps, more than 1000000 decimals of this number, so you may wonder how we could do this. If we 

proceed with Euclid's algorithm to approximate with a fraction in this segment we will systematically 

obtain: 
1

√3
≈

1

1 +
1

1 +
1
2

= 0.6 

1

√3
≈

1

1 +
1

1 +
1

2 +
1

1 +
1

2 +
1

1 +
1

2 + 1

= 0.5773195876 

  

We do not need to continue any further, with these iterations we already have its continuous fractional 

expression.  

Wolfram Alpha Computational Platform expresses it as:  
1

√3
≈ 0, 57735026918962576450914878050195745564760175

⋱ 1270126876018602326483977672302933345693715395585749525225208713805135 
   

This is in continuous fractional form [0; 1, 1,2̅̅ ̅̅ ] 

In this way and later, we will ask a computer to complete all the required decimals with Euclid's 

algorithm, doing operations of addition, multiplication and division, controlling in each case the 

projected decimal continuity. The idea is to do these operations as any schoolchild learning with 4 

decimals, but now with the requested extension. 

 

The Research Journal of Mathematics and Technology, Volume 15, Number 1

63



  

 
 

8. Leibniz's proposal to obtain the value of pi  
Now with sums instead of products, it is the so-called Leibniz formula deduced in the 17th century by 

the German mathematician who gives his name to it. The process of Wallis integrals that we did earlier 

taught us to work with infinite sums, so you should not be surprised by Leibniz's proposal:  

 𝜋 = 4 (1−
1

3
+
1

5
−
1

7
+
1

8
−

1

11
+⋯ )  or what is the same  

𝜋

4
= ∑

(−1)𝑘+1

2𝑘−1

∞
𝑘=1    

We can represent this in infinite sums, called alternating series due to their change of sign.  

  

Functions associated with infinite sums.  

Before, we can mention that there is a correspondence between some functions with infinite series. 

For example, we define as geometric series, the one that allows us to add the following numbers:  

5 +
10

3
+
20

9
+
40

27
+
80

81
+
160

243
+
320

729
= ∑5 ∙ (

2

3
)
𝑘−17

𝑘=1

 

It is called geometric sum only because the regularity between the number succeeding the other is 

formed from the multiplication of  𝑟 =
2

3
.   

You can check that the result of this sum is obtained from the formula:    

5 ∙
1 − (

2
3
)
7

1 −
2
3

=
10295

729
≈ 14.122 

Moreover, this example considers 7 terms of the sum, but we can extend this sum to infinite since the 

multiplicative ratio has the property of being 𝑟 =
2

3
< 1 . That is lim

𝑛→∞
(
2

3
)
𝑛

= 0, is satisfied, then:  

∑5 ∙ (
2

3
)
𝑘−1∞

𝑘=1

= 5 ∙
1 − (

2
3
)
∞

1 −
2
3

= 5 ∙
1

1 −
2
3

= 15 

Now if we make some changes, we come to the conclusion that infinite power functions "converge" 

whenever the value of𝑟 is between −1 < 𝑟 < 1. 

𝑓(𝑟) = 1 + 𝑟 + 𝑟2 + 𝑟3 +⋯ =∑𝑟𝑛
∞

𝑛=0

=
1

1 − 𝑟
    as long as |𝑟| < 1 

Thus, also, if we replace with 𝑟 = −𝑥2 , we get: 

1

1 + 𝑥2
= ∑(−1 ∙ 𝑥2)𝑛

∞

𝑛=0

= ∑(−1)𝑛 ∙ 𝑥2𝑛
∞

𝑛=0

    provided that |𝑥| < 1 

Then, if we integrate the left and right sides, we obtain the so-called Gregory-Leibniz formula:  

𝑎𝑟𝑐𝑡𝑎𝑛(𝑥) = ∑(−1)𝑛 ∙
𝑥2𝑛+1

2𝑛 + 1

∞

𝑛=0
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We check that if 𝑥 =  1 is achieved 𝑎𝑟𝑐𝑡𝑎𝑛(1) =
𝜋

4
 and we obtain Leibniz's formula. However, x = 1 

is not within the convergence interval of this series, that is why Leibniz develops other convergence 

criteria for alternating series. Then, if we change the beginning of n=0 to k=1, i.e. 𝑛 =  𝑘 −  1 , we 

arrive at Leibniz's expression:  

𝜋

4
= ∑(−1)𝑛 ∙

1

2𝑛 + 1

∞

𝑛=0

= ∑
(−1)𝑘+1

2𝑘 − 1

∞

𝑘=1

 

 

9. Taylor series and Euler transforms  
 

Taylor series approximations  

Power series are infinite sums that approximate functions, the domain of the function is the interval 

of convergence of the series. Taylor (Frederick Winslow Taylor (1856-1915), industrial engineer by 

profession, was born in Philadelphia, USA). He defined the power series of any differentiable 

function f of order 𝑛 , around 𝑥 =  𝑎.  

𝐹(𝑥) = ∑𝑐𝑛(𝑥 − 𝑎)
𝑛

∞

𝑛=0

   then  𝑐𝑛 =
𝑓(𝑛)(𝑎)

𝑛!
 

The advantages are enormous, since we can find a polynomial that approximates the function around 

a convergence interval where the value of𝑥 = 𝑎 is in the center. With this we will make a leap to the 

models of convergence of the number pi.  

  

For example, if we use the function 𝑓(𝑥)  =  𝑎𝑟𝑐𝑡𝑎𝑛 (𝑥) and derive it to apply the Taylor series around 

𝑥 =  0 , we obtain:  

 

𝑓(𝑥) = arctan(𝑥) ;  𝑓′(𝑥) =
1

1 + 𝑥2
;   𝑓′′(𝑥) =

−2𝑥

(1 + 𝑥2)2
;  𝑓′′′(𝑥) =

6𝑥2 − 2

(1 + 𝑥2)3
; 

𝑓(4)(𝑥) =
24𝑥(1 − 𝑥2)

(1 + 𝑥2)4
;   𝑓(5)(𝑥) =

120 𝑥4 − 240𝑥2 + 24

(1 + 𝑥2)5
 

𝑓(0) = 0;        𝑓′(0) = 1;      𝑓′′(0) = 0;   𝑓′′′(0) = −2;   𝑓(4)(0) = 0;  𝑓(5)(0) = 24 

 

Consider that when evaluating to zero the even derivatives also result in zero. Thus, we confirm the 

alternating series for the arctangent, but this time obtained by the Taylor series.  

 

arctan(𝑥) =
0

0!
𝑥0 +

1

1!
𝑥1 +

0

2!
𝑥2 +

−2

2! 3
𝑥3 +

0

4!
𝑥4 +

24

4! 5
𝑥5 + ⋯ 

So, then:  

𝑥 −
1

3
𝑥3 +

1

5
𝑥5 −⋯ = ∑(−1)𝑛 ∙

𝑥2𝑛+1

2𝑛 + 1

∞

𝑛=0

 

 

This series relates to our theme because arctan(1) =
𝜋

4
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An example of Euler transforms with number series.  

The Euler argument demonstrates that the harmonic series, which we know for those who have studied 

this, the harmonic is divergent and turns out to be convergent when it is alternating and furthermore 

converges to 𝑙𝑛(2) (or the natural logarithm of 2).  

1 −
1

2
+
1

3
−
1

4
+ ⋯ = ∑

(−1)𝑛−1

𝑛

∞

𝑛=1

= ln (2) 

Let us see how this is justified. The sum of terms of the alternating harmonic series can be written as 

an integral:  

1 −
1

2
+
1

3
−
1

4
+ ⋯ = (𝑥 −

𝑥2

2
+
𝑥3

3
−
𝑥4

4
+⋯)|

0

1

 

 

We can think that it is: 𝑥 −
𝑥2

2
+
𝑥3

3
−
𝑥4

4
+⋯ and it is the result of an integral, then it is evaluated 

between 0 and  

1 of the definite integral is obtained.  But which integral are we talking about?   

From this integral ∫ (1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯ )
1

0
𝑑𝑥. Do you agree?  

We said earlier that:  

1 + 𝑟 + 𝑟2 + 𝑟3 +⋯ =
1

1 − 𝑟
    provided that |𝑟| < 1 

Thus, if we replace𝑟 = −𝑥 we obtain:  

1

1 + 𝑥
= ∑(−1 ∙ 𝑥)𝑛

∞

𝑛=0

= ∑(−1)𝑛 ∙ 𝑥𝑛
∞

𝑛=0

 = 1 − 𝑥 + 𝑥2 − 𝑥3 +⋯ 

 

Then:  

∫(1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯ )

1

0

𝑑𝑥 = ∫
1

1 + 𝑥

1

0

𝑑𝑥 = ln (1 + 𝑥) |
1
0
= ln (2) 

Great, isn't it?   

  

So, we can approximate numbers by series. Euler has more cards up his sleeve for these things.  

 

Part 2. The secrets  
The next part will be devoted to revealing the secrets to obtain an efficient algorithm to reach all 

decimals of pi. For various reasons these have not been fully revealed, and you may not know them. If 

you are a computer professional, you will be able to identify the techniques of large number processing. 

We will discuss integer operations on decimals to solve the problem of representing the floating point 

in a bounded environment, even if it is over the 100,000th decimal place or larger, if you prefer, of the 

number pi.  
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When we want to work with many decimals, we face the problem of numerical representation in 

computers, first let's go back to the Taylor series and then let's worry about the numerical 

representation. For all these models it is known, it is better to use fractions than decimal numbers, that 

is why the algorithms use mixed representations, thus, we only have to solve how to work with 

decimals that are far away from the floating point of their computational representation.   

 

1. The most successful way with continuous function.   
Let's try another arctangent.  

 

The case is tan (
𝜋

6
) =

1

√3
 . Then    6 arctan (

1

√3
) = 𝜋 

 

This time the function will 𝑓(𝑥) = 6 arctan (
1

√3
− 𝑥)    to be evaluated at 𝑥 = 0 . 

Deriving to obtain the Taylor series, we obtain: 

6 arctan (
1

√3
− 𝑥) = 6∑

(−1)𝑛 (
1

√3
− 𝑥)

2𝑛+1

2𝑛 + 1

∞

𝑛=0

 

for  |𝑥 −
1

√3
| < 1 

Then, the convergence interval is:  

−1 < 𝑥 −
1

√3
< 1 

−1 +
1

√3
< 𝑥 < 1 +

1

√3
 

−0.4226 < 𝑥 < 1.577 
 

That's fantastic; we've achieved it! 

Then there is convergence for x=0.  

 
Figure 10. Decreasing curve of the 

arctangent. 

  

Then, an excellent series would be:  

6 arctan (
1

√3
) = 6∑

(−1)𝑛3− 
2𝑛+1
2

2𝑛 + 1

∞

𝑛=0

 

Then for n=100  

6∑
(−1)𝑛3− 

2𝑛+1
2

2𝑛 + 1

100

𝑛=0

= 3.1415926535897935 

 

Thus, we discovered two very good series for our purpose. Both are convergent and systematically add 

real number terms progressively. The problem here is that, if we use an algorithm like this, we depend 

on the computer representation of decimals, because of these very small terms that must be added at the 

end of the series. That is, we cannot be sure that this is the correct result not because we are doing it 

wrong but because the computer uses a fixed number of decimals, about 15 decimals and when we 

The Research Journal of Mathematics and Technology, Volume 15, Number 1

67



  

 
 

must go on and affect those further decimals would be just those that are at the limit of the computer's 

numerical representation.  

  

2. Newton's algorithm  
In 1666 the mathematician and physicist Newton (Isaac Newton who proposed the theory of 

gravitational attraction) obtained a series to calculate the number pi and concluded it from the 

trigonometric value:  

sin (
𝜋

6
) =

1

2
   ⇒     

𝜋

6
= arcsin (

1

2
) 

 

Studying Taylor's series, he finds the series of : 

𝑓(𝑥) =
arcsin (2𝑥)

2𝑥
= ∑

(2𝑘
𝑘
)

2𝑘 + 1
𝑥2𝑘

∞

𝑘=0

   donde  𝑓 (
1

4
) =

𝜋/6

1/2
=
𝜋

3
 

Then:  

∑
(2𝑘
𝑘
)

2𝑘 + 1
(
1

4
)
2𝑘5

𝑘=0

≈ 1.047192239⋯ 

  

Where the correct value of   
𝜋

3
= 𝟏. 𝟎𝟒𝟕𝟏𝟗7551 ⋯ 

Thus, increasing the n-value of the summation continued to approximate the remaining decimals [3]. 

We rate this algorithm as excellent.  

 

3. The Bailey Borwein Plouffe (BBP) algorithm  
 

It is a method that was developed in 1995 to calculate exclusively the number pi, with an infinite series, 

so that the terms can be calculated independently [15]. Simon Plouffe together with David Bailey and 

Peter Borwein obtained the formula using a computer program called PSLQ that searches for relations 

between integers and in base 16.  

  

The formula they derived was:  
Bailey Borwein Plouffe (BBP) algorithm 

𝜋 = ∑(
1

16𝑘
 (

4

8𝑘 + 1
−

2

8𝑘 + 4
−

1

8𝑘 + 5
−

1

8𝑘 + 6
))

∞

𝑘=0

 

 

The five-in-five proof of the summation argument:  

∑(
1

16𝑘
 (

4

8𝑘 + 1
−

2

8𝑘 + 4
−

1

8𝑘 + 5
−

1

8𝑘 + 6
))

4

𝑘=0

=
16071212445820879

5115625817702400

≈ 𝟑,𝟏𝟒𝟏𝟓𝟗𝟐𝟔454603363195570212224423818317274066179799071866969806544. .. 
 

∑(
1

16𝑘
 (

4

8𝑘 + 1
−

2

8𝑘 + 4
−

1

8𝑘 + 5
−

1

8𝑘 + 6
))

9

𝑘=0

=
64251934196540737654784844866951

20452025861189303550405613977600

≈ 3, 1415926𝟓𝟑𝟓𝟖𝟗𝟕𝟗11463887769659103474147790158884889967725870672423. .. 
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∑(
1

16𝑘
 (

4

8𝑘 + 1
−

2

8𝑘 + 4
−

1

8𝑘 + 5
−

1

8𝑘 + 6
))

14

𝑘=0

=
517658978311277334141536972885988480280412713877204531

164775970468280051996408614883427417773042630551142400
 

≈ 3.14159265358979𝟑𝟐𝟑𝟖𝟒𝟔1732482037982486800056278143046732780578758091752793513404 

 

The computational algorithm uses the numerical base 16 to optimize the calculation when many 

decimals are used, only then the result of the operation is expressed in decimal base.   

  

4. The Chudnovsky brothers' algorithm  

Led by one of the brothers Gregory Chudnovsky, they proposed an algorithm that is based on a 

Ramanujan formula. The Chudnovsky brothers (Ukrainians naturalized Americans) used their own 

algorithm to calculate 2.7 billion digits of pi in 2009 where they obtained a world record, and then 

progressively advanced until in 2011 they get 10 billion decimals of the number pi [13]. With this same 

algorithm, computer scientists Alexander Yee and Shigeru Kondo in 2013 manage to calculate 12.1 

billion decimals [14].   

  

The algorithm is based on the generalized hypergeometric series. This being alternating has Leibniz 

properties regarding its convergence.  

 

1

𝜋
= 12 ∙ ∑

(−1)𝑘(6𝑘)! (13591409 + 545140134𝑘)

(3𝑘)! (𝑘!)36403203𝑘+3/2

∞

𝑘=0

 

 

The trick is to consider approximations by sections so that the result can be controlled in a vector of data 

that maintains the position of the decimals as if they were whole numbers, and thus to complete each 

segment where the sum term intervenes.  

  

For example, if we observe the behavior of the algorithm on the first 50 known decimals of pi and from 

them validate a rule. Let us consider this number of correct decimals of pi.  

  

π≈3.14159265358979323846264338327950288419716939937510582097494459230781640628620 

8998628034 825342117068  

 

And we use the algorithm:  

 

 

  

If we calculate the first term of that sum, the one corresponding to𝑘 = 0 , the approximation of pi 

obtained will be 1 divided by that result, which gives us the following (with sums from 

wolframalfa.com):  
3.1415926535897342076684535915782983407622332609157 

The Research Journal of Mathematics and Technology, Volume 15, Number 1

69



  

 
 

4 268 80 √10 005

13 591 409
≈  3.1415926535897342076684535915782983407622332609157     

⋱  06590894145498737666209401659108066117347469689758 

 

Let us now calculate the first two terms. The approximation of pi will now be𝑘 = 0,1 divided by the sum 

of them.  

We get this:  
3.1415926535897932384626433832795028841971676788548 

27 243 597 425 235 335 774 827 985 240 064 000 000 √10 005

867 407 410 133 324 147 761 288 805 130 794 983 129
≈  3.1415926535897932384626

⋱  43383279502884197167678854846287912727790370642977335176958726 

  

As can be seen, the decimals that were already exact with the first term are maintained with this second 

term, and we add 14 more (they are the ones highlighted in bold). To do one more, let's see that the 

trend continues with the next term. By calculating 1 divided by the sum of the first three(𝑘 = 0,1,2) 

terms we get the following approximation of pi:  
3.1415926535897932384626433832795028841971676788548 

27 243 597 425 235 335 774 827 985 240 064 000 000 √10 005

867 407 410 133 324 147 761 288 805 130 794 983 129
≈  3.1415926535897932384626

⋱  43383279502884197167678854846287912727790370642977335176958726 

The previous ones are maintained, and 14 new exact decimals are added. And so on.  

It is amazing to get sequences of 14 more exact decimal places with each additional term, since with very 

few terms we get a much closer approximation to the real value. Much better than any algorithm. So, we 

rate this algorithm as excellent.  

  

5. Silva Selamé Algorithm (ASS)  
If you find it incredible how they have been able to find and define these algorithms, now we will be 

the protagonists. According to the study we have done in this essay, we can think of joining all the 

considerations of the most outstanding mathematical authors in history and start from the beginning.   

  

Let's develop our own algorithm, starting with:  

6 arctan (
1

√3
) = 𝜋 

And we tried with: 𝑓(𝑥) = 6 arctan (
1

√3
− 𝑥) for which arose from the power series Taylor in 𝑥 = 0,  

𝑓(0) = 𝜋. 

𝜋 =    6∑

(−1)𝑛 (
1

√3
)
 2𝑛+1

2𝑛 + 1

∞

𝑛=0

= 6∑
(−1)𝑛3− 

2𝑛+1
2

2𝑛 + 1

∞

𝑛=0

 

If we expand to 𝑥 → 0 

arctan (
1

√3
− 𝑥) =

𝜋

6
−
3𝑥

4
−
3√3𝑥2

16
+
9√3𝑥4

128
+
27𝑥5

320
+ 𝑂(𝑥7) 
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With x=0  

6 arctan (
1

√3
) = 6∑

(−1)𝑛3− 
2𝑛+1
2

2𝑛 + 1

∞

𝑛=0

 

 

Let's work on the sum of terms to get an expression of the algorithm  

6(∑
(−1)𝑛3− 

2𝑛+1
2

2𝑛 + 1

11

𝑛=0

 ) = 6

(

 
 
∑

(−1)𝑛 (
√3
3
)

2𝑛+1

2𝑛 + 1

11

𝑛=0

 

)

 
 
= 6 ∙

√3

3

(

 
 
∑

(−1)𝑛 (
√3
3
)

2𝑛

2𝑛 + 1

11

𝑛=0

 

)

 
 

 

= 6 ∙
√3

3

(

 
 
∑

(−1)𝑛 (
1

√3
)
2𝑛

2𝑛 + 1

11

𝑛=0

 

)

 
 

 

= 2√3(∑
(−1)𝑛

(2𝑛 + 1)3𝑛

11

𝑛=0

 ) = 𝟑.𝟏𝟒𝟏𝟓𝟗𝟐4542⋯ 

= 2√3(
1

1
−
1

9
+
1

45
−

1

189
+
1

729
−

1

2673
+

1

9477
−

1

32805
+

1

111537
−

1

373977
+

1

1240029
−

1

4074381
) 

= 2√3((
1

1
−
1

9
) + (

1

45
−

1

189
) + (

1

729
−

1

2673
) + (

1

9477
−

1

32805
) + (

1

111537
−

1

373977
) + (

1

1240029
−

1

4074381
)) 

= 2√3∑(
1

(4𝑘 + 1)32𝑘
−

1

(4𝑘 + 3)32𝑘+1
)

5

𝑘=0

 

= 2√3∑
1

9𝑘
(

1

4𝑘 + 1
−

1

12𝑘 + 9
)

5

𝑘=0

 

= 2√3([
1

90
(
1

1
−
1

9
) +

1

91
(
1

5
−
1

21
)] + [

1

92
(
1

9
−
1

33
) +

1

93
(
1

13
−
1

45
)] + [

1

94
(
1

17
−
1

57
) +

1

95
(
1

21
−
1

69
)]) 

= 𝟑. 𝟏𝟒𝟏𝟓𝟗𝟐4542⋯ 

= 2√3∑[
1

92𝑘
(

1

8𝑘 + 1
−

1

24𝑘 + 9
) +

1

92𝑘+1
(

1

8𝑘 + 5
−

1

24𝑘 + 21
)]

2

𝑛=0

 

 

Thus, we have a first version of our algorithm: 

Silva Selamé Algorithm (ASS) 

= 2√3∑
1

81𝑘
[

1

8𝑘 + 1
−

1

24𝑘 + 9
+

1

72𝑘 + 45
−

1

216𝑘 + 189
]

∞

𝑘=0

 

 

Let's try it five by five, as we did before with the BBP algorithm:  

= 2√3∑
1

81𝑘
[

1

8𝑘 + 1
−

1

24𝑘 + 9
+

1

72𝑘 + 45
−

1

216𝑘 + 189
]

4

𝑘=0

 

39109314160553059138384

7187364992322595305225 √3
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≈ 𝟑. 𝟏𝟒𝟏𝟓𝟗𝟐𝟔𝟓𝟑𝟓714033817737105645779184574970837090255880006245033603911097486396735

⋱ 41872279003639093245 

= 2√3∑
1

81𝑘
[

1

8𝑘 + 1
−

1

24𝑘 + 9
+

1

72𝑘 + 45
−

1

216𝑘 + 189
]

9

𝑘=0

 

137966316378576542894866745012450339387116801633376

25354938938138034138686381394493163496142563285825 √3
 

≈ 3.1415926535𝟖𝟗𝟕𝟗𝟑𝟐𝟑𝟖𝟒5998904545815723164682333580898559851810755021711576515774234

⋱ 5078286000740054101 

= 2√3∑
1

81𝑘
[

1

8𝑘 + 1
−

1

24𝑘 + 9
+

1

72𝑘 + 45
−

1

216𝑘 + 189
]

14

𝑘=0

 

14177725678419176989383216040837621457098441999820138432527910152984533089264

2605529945958674055891953933258696968178141125973921415295979480405325356925 √3
 

≈ 3.1415926535897932384𝟔𝟐𝟔𝟒𝟑𝟑𝟖𝟑𝟐𝟕899429478611788675967126248193958028428440424653148

⋱ 7154654789614631463 

We have compared these correct decimals of pi:  

π ≈ 3.14159265358979323846264338327950288419716939937510582097494459230781640628620899 

8628034825342117068 

 

6. Computational Algorithm and Memory Management  
Programming defines the memory spaces necessary to store all the decimals of the first calculations. It 

is important to start with a preset length, one billion decimals or more. From that moment on, the 

calculations can determine rational or irrational, and if all of them the total number of decimals will be 

considered. It begins then expressing those irrationals that are repeated in the process, will thus have the 

precision to continue the operations of addition and multiplication. The inverses can be expressed with 

all decimals and used as multiplication. So far so good if the calculations in the partial sections of the 

algorithm do not result in decimals that are outside the possible ranges of the floating point 

computational representation.   

  

For this reason, algorithms must consider computations on truncated decimal operations and treated as 

integers. Let us discuss the situation about an array of decimals of pi and the storage of surplus 

operations, when transiting from a specific point, in obtaining a set of decimals of pi.   

  

  
  

In an array (or memory vector) the previously obtained digits and the newly found digits are stored, 

these are located starting from the previous position and only from that point. The characteristics of the 

array can give clue of the exact place of the digits from where to continue.  
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Each set of calculations (summation argument) and with the current programming, can be distributed 

among different processors, 32 or 64 or more processors can synchronize the calculations and get very 

fast answers to obtain the billion or more decimal places of the number pi.  

  

Truncated multiplication computes a truncated product, a contiguous subsequence of the digits of the 

product of 2 integers. Some truncated polynomial multiplication algorithms adapted to integers are 

presented. They are based on the most used full n-digit multiplication algorithms with a time 

complexity of O( nα ), with 1 < α ≤  2, but a constant 100 times faster [16]. For example, products of the 

least significant half with Karatsuba multiplication need only 80% of the full multiplication time. The 

faster the multiplication, the less relative time savings can be achieved [17].   

  

7. Code implementation, ASS Algorithm in Python (gmpy2 library)   
  

The Python language has a unique command library for numerical computation in a long-decimal 

execution environment. The library is called gmpy2 and allows declaring the number of precision 

decimals. Gmpy2 is an optimized Python extension module coded in C that supports fast multiple-

precision arithmetic. It is based on the original gmpy module. Gmpy2 adds support for true multiple-

precision correctly rounded arithmetic (using the MPFR library) and complex arithmetic (using the 

MPC library). This means that, in particular, the most timeconsuming division operations are controlled 

and optimized for each command in the library.    

 

Next, I will reveal one of the last secrets of these com algorithms. This algorithm we will code with this 

Python library and its execution will give answer about the decimals of pi to be counted from decimal n. 

Just as in Part 1 we learned how it was possible to obtain the Fibonacci number from a specific position, 

now the coding of the algorithm will give us a set of decimals of pi from the nth position of its decimals. 

This would allow us to avoid operating on the decimals already found and only solve for the decimals of 

pi in an environment that is relevant for our purposes.  
 

Coding stages:  

∑
2√3

81𝑘
[

1

8𝑘 + 1
−

1

24𝑘 + 9
+

1

72𝑘 + 45
−

1

216𝑘 + 189
]

∞

𝑘=0

 

We will divide our algorithm into sections, for example, for the first section:  

𝑠1 = ∑
2√3

81𝑘
[

1

8𝑘 + 1
]

𝑁

𝑘=0

 

Then to optimize an efficient decimal response, we modify this section starting from a value n and then 

N will be just a little higher, to optimize the precision around the decimal place n.  

 

𝑠1 = (∑((
2√3

81𝑘
 𝑚𝑜𝑑 [8𝑘 + 1]) /[8𝑘 + 1])

𝑛

𝑘=0

+ ∑
2√3

81𝑘
[

1

8𝑘 + 1
]

𝑁

𝑘=𝑛+1

) 

 

The mod command provides only the integer remainder of the division, then this remainder is divided 

by [8k+1], thus taking care only of the remaining decimal places counting from position n. Then the 

sum up to N is added, to ensure precision around decimal place n.  
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The same is done with the other sums of the terms of the algorithm. For these, it will be necessary to 

eliminate the integer (before the comma) to control the result SumTotal= s1 - s2+ s3 - s4.   

  

Below, we explain the complete code, which you can run in Google's Colab.  

  

Complete code and execution  

 

Let's go back to the digits of pi. The first case in red, counting from decimal 101 with 17 decimal 

places of precision. But then, the second case against decimal 901, with more 76 decimal places of 

precision. Both with 1000 decimal places of precision in the numerical context. Context, 

GoogleColab memory, no GPU. 

 

n=900  

gmpy2.get_context().precision=100030  

• Digits from position 901  

• It took less than 2 seconds to obtain the decimal places from 901  

 

Definitive Python code 
import sys 

!{sys.executable} -m pip install gmpy2 

!pip install gmpy2 --user # Install the gmpy2 

import numpy as np 

import math 

import gmpy2 

n=900 

gmpy2.get_context().precision=100030 

N=n+4 

digitsPi=gmpy2.mpfr(0) 

c=2*gmpy2.sqrt(3) # algorithm constants 

lug=pow(10,n-1) # decimal position powers 

cc=gmpy2.mpfr(c*lug) # position constant calculation 

# first processor 

pp=[]  # list of partial sum calculations 

Suma1a=gmpy2.mpfr(0) # start addition of remainder/divisor 

for k in range(0,n+1): 

    pp.append(gmpy2.div(gmpy2.mpfr(cc),gmpy2.mpfr(81**k))) # position precision    

    divisor1 = gmpy2.mpz(8 * k + 1) 

    resto1 = gmpy2.fmod(pp[k],gmpy2.mpfr(divisor1)) # MOD remainder, division whole 

    Suma1a = Suma1a + gmpy2.div(gmpy2.mpfr(resto1),gmpy2.mpfr(divisor1)) # save division  

Suma1b=gmpy2.mpfr(0) # start additional decimals 

for k in range(n+1, N): 

    pp.append(gmpy2.div(gmpy2.mpfr(cc),gmpy2.mpfr(81**k))) # position precision  

    Suma1b = Suma1b + gmpy2.div(gmpy2.mpfr(pp[k]),gmpy2.mpfr(8 * k + 1)) 

Suma1 = Suma1a + Suma1b 

Suma1 = Suma1 - gmpy2.trunc(Suma1) + 10.0  #Wildcard added for first priority  

# second independent processor 
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Suma2a=gmpy2.mpfr(0) # start addition of remainder/divisor 

for k in range(0,n+1): 

    divisor2 = gmpy2.mpz(24 * k + 9) 

    resto2 = gmpy2.fmod(pp[k],gmpy2.mpfr(divisor2)) # MOD remainder, division whole 

    Suma2a = Suma2a + gmpy2.div(gmpy2.mpfr(resto2),gmpy2.mpfr(divisor2)) # save division  

Suma2b=gmpy2.mpfr(0) # start additional decimals 

for k in range(n+1, N): 

    Suma2b=Suma2b+gmpy2.div(gmpy2.mpfr(pp[k]),gmpy2.mpfr(24 * k + 9)) 

Suma2 = Suma2a + Suma2b 

Suma2 = Suma2 - gmpy2.trunc(Suma2) + 5.0  #Wildcard added for first priority in operation 

# third independent processor 

Suma3a = gmpy2.mpfr(0)  # start addition of remainder/divisor 

for k in range(0,n+1): 

    divisor3 = gmpy2.mpz(72 * k + 45) 

    resto3 = gmpy2.fmod(pp[k],gmpy2.mpfr(divisor3)) # MOD remainder, division 

    Suma3a = Suma3a + gmpy2.div(gmpy2.mpfr(resto3),gmpy2.mpfr(divisor3)) 

Suma3b=gmpy2.mpfr(0)  

for k in range(n+1, N): 

   Suma3b = Suma3b + gmpy2.div(gmpy2.mpfr(pp[k]),gmpy2.mpfr(72 * k + 45)) 

Suma3 = Suma3a + Suma3b 

Suma3 = Suma3 - gmpy2.trunc(Suma3) + 2.0 #Wildcard 

# fourth independent processor 

Suma4a=gmpy2.mpfr(0) 

for k in range(0,n+1): 

    divisor4 = gmpy2.mpz(216 * k + 189) 

    resto4 = gmpy2.fmod(pp[k],gmpy2.mpfr(divisor4))  

    Suma4a = Suma4a + gmpy2.div(gmpy2.mpfr(resto4),gmpy2.mpfr(divisor4))   

Suma4b = gmpy2.mpfr(0)  

for k in range(n+1, N): 

    Suma4b = Suma4b + gmpy2.div(gmpy2.mpfr(pp[k]),gmpy2.mpfr(216 * k + 189)) 

Suma4 = Suma4a + Suma4b 

Suma4 = Suma4 - gmpy2.trunc(Suma4) 

#Return to the first processor  

#The four processes are added to obtain the digits from n+1 

digitsPi = Suma1 - Suma2 + Suma3 - Suma4 

digitsPi = digitsPi - gmpy2.trunc(digitsPi) #removing wildcards from operation 

print("\n Digits for Pi=",100000000000000000*digitsPi) 

 
Context, GoogleColab memory, no GPU  
n=100000 
gmpy2.get_context().precision=100030 

 The digits from position 100001 

 It took 48 minutes to get the decimals from the decimal of pi, or to count from 100001 
 
35313143701227785.9945834190409522277028782321011429272630984990069538973640900

7078663919526994412320084652362036352279720143549310285770719666221 
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8. Conclusion  
This paper was an essay that brought together the main motivations of mathematicians in history that lead 

to this enigmatic number pi. We detail with simplicity the mathematical representations of researchers, 

from different eras, to answer the original problem of squaring the area of the unit circle, equal to pi.   

The contribution of the quadrature of Hippocrates' lunula, highlighted by the mathematician Alhacen, 

raised the expectations at the time for solving the squaring of the circle. We learned how continuous 

functions can graph the complex scheme leading to this number. The intervention of the mathematician 

Euler, which radically changed the scenario, managed to demonstrate that complex numbers could be a 

better option to understand the original problem. Euler reveals the relationship between the two irrational 

numbers: 𝑒 = 2,718281⋯  and 𝜋 = 3,141592 ⋯ . Nowadays, the convergence techniques of alternating 

series allowed computer technology to define algorithms that can systematically approximate all decimals 

of the number pi. We highlight the series method to find our own ASS algorithm (authored by this author) 

for decimal approximation  

  

We conclude that, with the mathematical exercise of the series, a simple way to obtain computational 

algorithms to find decimals for this copper number pi, or for any other number, is completed. We were 

able to help Akira Haraguchi recite the digits of pi and continue with them from 100,001 onwards.   
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Abstract

Fisher-Mellor defined knotwork design as a type of alternating link diagram related to Celtic
knots ([3]). In this paper, we define Celtic knot design (CKD) induced from p × q square grid
and p × q honeycomb grid as a generalized knotwork design. We show the geometric properties
of CKDs from these grids and present how these structures can be mathematically described and
classified. These concepts and results support mathematics education by deepening understanding
of geometric structures and work well with technology-enhanced instructional design ([4]).This
multidisciplinary approach, integrating mathematics, art, culture, and technology, offers potential
applications in STEAM education.

1 Introduction
The Celtic knot is a traditional geometric symbol of the Celtic peoples of ancient Britain, Scotland,
and Ireland. It appears in [7] and in cultural works such as the Book of Kells, a bible manuscript
decorated with many Celtic knots. P. R. Cromwell introduced the Celtic knot into knot theory ([1, 2]).
In 2004, G. Fisher and B. Mellor showed results for “Celtic knot design induced from p × q square
grid” ([3]). Our study presents results for Celtic knot design (CKD) induced from both p × q square
grid and p × q honeycomb grid. Specifically, while Fisher and Mellor focused on the number of
components in square grid-based designs, our study provides new results on the number of crossings,
diagram shapes, component classification, and geometric properties of CKDs such as decomposition
into substructures. We extend our results for the CKD induced from a p× q square grid by introducing
CKD derived from p× q honeycomb grid.

In Section 2, we introduce basic definitions of knot theory and give key definitions of CKD, p× q
square grid, p × q honeycomb grid, spur, track, etc. We also show known results and some of our
own. In Section 3, we show main results of the CKD induced from a p × q square grid and a p × q
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honeycomb grid (Proposition 3.2, Theorem 3.14, Theorem 3.15, Theorem 3.16, Proposition 3.21,
Theorem 3.22, Corollary 3.23, Theorem 3.28, and Proposition 3.29). Results of the CKD induced
from a p × q honeycomb grid correspond to results of the CKD induced from a p × q square grid.
For example, results on the number of components of the links represented by CKDs are shown in
Theorem 2.9 ([3]) and Theorem 3.15, and results on the shape of CKDs are shown in Proposition 3.1,
Proposition 3.2, Theorem 3.22, Corollary 3.23, and Proposition 3.24.

Programming education has become more popular around the world in recent years. As of 2024,
about two-thirds of countries offer some form of computing education in their school curricula,
growing fast in Africa, Asia, and Latin America [10]. In this context, Japan introduced mandatory
programming education in elementary schools in 2020. The animations developed by Y. Funakoshi [4]
for constructing Celtic knot projections based on p × q square and honeycomb grids not only sup-
port mathematical education, but also serve as effective tools for programming education. These
constructions can be implemented algorithmically, allowing students to engage with computational
logic, geometric reasoning, and visual creativity. By integrating mathematical structure, algorithmic
thinking, and artistic design, CKDs provide a rich interdisciplinary platform for STEAM education.
These visual constructions enable exploration of symmetry, pattern generation, and cultural narratives,
which align closely with its educational, creative, and integrative goals [11].

2 Preliminaries

2.1 Terminologies in Knot Theory
Definition 2.1 (component, link, knot). An r-component link is a union of r disjoint smooth embed-
dings of S1 into R3. Each image of S1 is called a component of the link. A 1-component link is called
a knot.

Definition 2.2 (projection, diagram, component segment set, crossing, trivial). Let p : R3 → R2 be a
projection and L be a link in R3. If all multiple points of p(L) are transverse double points, then p(L)
is called a projection of L. A diagram of L is a projection with over/under information at each double
point. A diagram of a knot is called a knot diagram. The union of segments composing a diagram
that corresponding to a component of L is called the component segment set. A point in a diagram of
L corresponding to the double point in p(L) is called a crossing. A self crossing is a crossing on a
single component. A knot is trivial if it admits a diagram with no crossings.

On the other hand, a projection may be regarded as obtained from a diagram by ignoring the
over/under information of the crossings.

Definition 2.3 (alternating). Fix a base point on each component segment set of a diagram of a link
and travel along it. The diagram is alternating if the crossings alternate over and under along each
component segment set. A link is alternating if it admits an alternating diagram.

Definition 2.4 (plane ambient isotopy). For a projection of a link, an ambient isotopy in R2 is called
plane ambient isotopy. For projections P1, P2 of a link, suppose that P1 is plane ambient isotopic
to P2. Moreover, for diagrams D1, D2 of the link, if P1 (P2 respectively) is obtained from D1 (D2

respectively), then we say that D1 is plane ambient isotopic to D2 as in Figure 1.
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Figure 1: P1 is plane ambient isotopic to P2, and D1 is plane ambient isotopic to D2, D4, and D5.
However, P1 is not plane ambient isotopic to P3, nor is D1 to D3.

For diagrams A,B, if B is obtained from A by parallel translation in R2, then we denote A ∥ B.
For example, D1 ∥ D5 and D1 ∥/ Di (i = 2, 3, 4) as in Figure 1. For the definitions of other standard
terms in knot theory, we refer to “A Survey of Knot Theory” ([6]).

2.2 Definition of Celtic knot design and its known results
Definition 2.5 (grid). A closed subset of a tiled R2 whose boundary consisting of some edges of the
polygons is called a grid. For a grid G, the boundary of G is denoted by ∂G.

Definition 2.6 (Celtic knot projection, Celtic knot design). Draw a new polygon inscribed at the
midpoints of the edges for any polygon forming a grid. Then the union of the new polygons is
considered a projection of a link. The projection is called Celtic knot projection (CKP). A diagram
obtained from the CKP by adding alternating over/under information for each double point is called
Celtic knot design (CKD).

Note that a CKD may represent either a knot or a multi-component link. In this paper, we use the
term CKD to denote diagrams representing the corresponding link. To align with our definitions, we
redefine p× q knotwork panel ([3]) as follows:

Definition 2.7 (p × q square grid). Let p, q ∈ N with p ≤ q. We say that a grid is the p × q square
grid if the grid is arranged by p × q squares vertically and horizontally on an orthogonal coordinate
system, where the length of a square composing the grid is 1 as (a) in Figure 4.

In general, a diagram is obtained from a link. In this paper, a CKD defines the link. A CKD varies
depending on how it is added over/under information for any double point of a CKP.

Remark 2.8. Any grid has two CKDs.

These two CKDs are mirror images of each other as (a) or (b) in Figure 2. In this paper, we fix the
over/under information for any crossing as in Figure 3.

Figure 2: There are two CKDs for each grid.
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Figure 3: The over/under information of the crossing on an edge of a polygon of a grid

Let G be a p × q square grid and D be the CKD induced from G as (b) in Figure 4. For any
component segment set of D, a knot diagram is obtained by ignoring the over/under information of
the crossings except for the self crossings. Then, K♯

D denotes the set of the knot diagrams. In this
paper, each component segment set is colored by one color, and two different component segment sets
are colored by different colors. The element of K♯

D formed from a component segment set is colored
to match the set. Let r = gcd(p, q), p′ = p

r
, and q′ = q

r
.

Figure 4: The p× q square grid and the CKD induced from the grid

Theorem 2.9 ([3]). A CKD induced from a p× q square grid represents an r-component link.

Since p′ and q′ are relatively prime numbers, we have;

Corollary 2.10. The CKD induced from the p′ × q′ square grid is a knot diagram.

Let P be a projection obtained from an element of K♯
D. Then, P consists of the line segments,

where each line segment has slope 1 or −1 on the orthogonal coordinate system and the end points of
each line segment are on ∂G.

Claim 2.11. The projection P intersects on the left and the right sides of ∂G at p′ points each, and P
intersects on the upper and the lower sides of ∂G at q′ points each.

Proof. Let the base point be the top intersection ofP and the left side of ∂G. We travel onP clockwise
from the base point to the same point. Let k, ℓ ∈ N be the numbers of vertical and horizontal roundtrips,
respectively. Based on the slopes of the segments and the shape ofG, 2pk = 2qℓ holds. Let (k, ℓ) ∈ N2

be the minimal solution to the equation. Then, pk = qℓ = lcm(p, q) holds. Furthermore, this fact
together with pq = lcm(p, q)gcd(p, q) = lcm(p, q)r shows that ℓ = p

r
= p′, k = q

r
= q′. Hence, P

intersects on the left and the right sides of ∂G at p′ points each, and P intersects on the upper and the
lower sides of ∂G at q′ points each.

Moreover, Fisher and Mellor claimed that any element of K♯
D is plane ambient isotopic to the

CKD induced from the p′ × q′ square grid ([3]). We show own proof of this claim as Theorem 3.5 in
Section 3.1.
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Example 2.12. Let D be the CKD induced from the 6× 9 square grid. Ki ∈ K♯
D (i = 1, 2, 3) is plane

ambient isotopic to the CKD induced from the 6
3
× 9

3
square grid in Figure 5.

Figure 5: A relationship between the CKDs induced from the 6× 9 and the 2× 3 square grid

2.3 Celtic knot design of p× q honeycomb grid
Definition 2.13 (p× q honeycomb grid). Let p, q ∈ N with p ≤ q. We consider an oblique coordinate
system with an angle of π

3
rad on the plane. Let A = {(x, y) ∈ R2|1 ≤ x ≤ q, 1 ≤ y ≤ p, x, y ∈ N}.

For any (x, y) ∈ A, draw a regular hexagon centered at (x, y) with side length 1√
3

as in Figure 6. The
union of the p× q regular hexagons is called the p× q honeycomb grid, and each hexagon with central
coordinate (x, y) is simply denoted by (x, y).

Figure 6: A black dot in the left figure represents the point (x, y) ∈ A as the center of a regular
hexagon that contains itself, and the right figure represents the p× q honeycomb grid.

Let G be a p × q honeycomb grid and D be the CKD induced from G. For a hexagon (m,n)
composing G, let (m,n)1, . . . , (m,n)6 be the midpoints of the edges of (m,n) ordered as in Figure 7.
We may express to “the spur passes through (1, n)1 ((m, 1)4, (q, n)4, (m, p)1 respectively)” as “the
spur passes through the regular hexagon in the leftmost column (the bottom row, the rightmost column,
top row respectively) of G”.

For any component segment set of D, a knot diagram is obtained by ignoring the over/under
information of non-self crossings. Then, K∗

D denotes the set of the knot diagrams.

Definition 2.14 (spur). We say that an element of K∗
D is the spur of D if the element passes through

the point (1, p)1.

Definition 2.15 (track). The set of elements of K∗
D other than the spur is called the track of D.
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Figure 7: The black dots represent the midpoints of the edges of (m,n).

Example 2.16. Let D be the CKD induced from the 7 × 11 honeycomb grid. The spur and the
elements of the track of D are as in Figure 8.

Figure 8: K1 is the spur of D and K2, K3 are the elements of the track of D.

In this paper, each component segment set is colored by one color, and two different component
segment sets are colored by different colors. The element of K∗

D formed by a component segment set
is colored the same color as the component segment set. In particular, the spur is depicted in red.

Fact 2.17. For any p× q honeycomb grid G, the spur bends only at ∂G as in Figure 9.

Figure 9: m ̸= 1, q and n ̸= 1, p.

Let the base point O be the point of the spur at (1, p)1 as in Figure 10. We travel on the spur
clockwise from O.

Figure 10: The travel on the spur from the base point O
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Theorem 2.18. The spur of D passes through (q, 1)4.

Proof. We begin traveling clockwise on the spur from O, move toward the lower right, and return to O
in the direction toward the upper left. Let m′, n′ ∈ N with 2 ≤ m′ ≤ q, 1 ≤ n′ ≤ p− 1. By Fact 2.17,
it is only at (m′, 1)4, (q, n′)4 that the spur may bend toward the upper left direction. Before we pass
through (m′, 1)4, (q, n′)4 (m′ ̸= q, n′ ̸= 1) toward the upper left direction, the direction of this travel
changes toward upper left at least once. Then, the direction of the travel changes to upper left for the
first time at (q, 1)4. Hence, the spur passes through (q, 1)4 as in Figure 11.

Figure 11: The spur of D passes through (q, 1)4.

3 Main results

3.1 Results of Celtic knot design of p× q square grid
Let G be a p × q square grid and D be the CKD induced from G. Let K♯

D be as in Section 2.2. Let
r = gcd(p, q), p′ = p

r
and q′ = q

r
. For 1 ≤ i ≤ p′, 1 ≤ j ≤ q′, let G(i, j) be a closure of a piece of G

obtained by dividing G into p′q′ pieces where the closure is the r × r square grid and the closure is
located i-th from the top and j-th from the left on G.

Proposition 3.1. The crossings of D on ∂G(i, j)s are the self crossings.

The proof of Proposition 3.1 is given together with that of Proposition 3.2.
For any i, j, take a small disk at any crossing on ∂G(i, j), and let D(i, j) be the diagram on

G(i, j) obtained by replacing the small disks as in Figure 12. Then, any D(i, j) is alternating by
Definition 2.6. Thus, any D(i, j) is regarded as the CKD induced from G(i, j).

Figure 12: The deformation for obtaining D(i, j)s from D

For 1 ≤ k ≤ r, let ek ∈ K♯
D(1,1) that has the k-th intersection from the top on the left side of

∂G(1, 1). Let D(1, 1)
π
2 be the image of D(1, 1) rotated by π

2
rad on G(1, 1). Then, ek is transformed

into the k-th element from the left that passes through the lower side of ∂G(1, 1).
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Proposition 3.2. If i+ j is even, then D(i, j) ∥ D(1, 1). If i+ j is odd, then D(i, j) ∥ D(1, 1)
π
2 .

Proof. Let P be a projection obtained from an element of K♯
D. P has at least one intersection with

each side of ∂G by Claim 2.11. Let the base point be the top intersection on the left side of ∂G. We
travel on P clockwise from the base point to the same point. For simplicity, we may call the travel P .

First, we divide P into the parts from the left side to the right side of ∂G and from the right side
to the left side of ∂G.

bL-R: The part of P that starts from the base point on the left side of ∂G and reaches the right side
of ∂G

The base point of P is on G(h, 1) where 1 ≤ h ≤ p′. Let k ∈ N such that P starts from the base point
in the k-th square from the top left square of G(h, 1) as in Figure 13, where 1 ≤ k ≤ r. If h = 1,
P is reflected by the upper side of ∂G(1, 1). If 1 < h, P passes through the upper side of ∂G(h, 1).
Then, the intersections of ∂G(i, j) and P as in Figures 14 and 15 are determined by the slopes of the
line segments composing P . (a)b ((e)b respectively) in Figure 13 corresponds to (a) ((e) respectively)
in Figure 14. Thus, the part bL-R starts from (a) or (e).

Figure 13: Each dot represents the base point on G(h, 1), and each arrow represents the line segments
with the direction of the travel on G(h, 1).

Figure 14: The part bL-R or a part L-R consists of the arrows, where each arrow represents the line
segments with the direction of the travel on G(i, j).

case (a): P passes through (a) in Figure 14
Step 1. If P reaches the right side of ∂G by (a), the part bL-R is finished. If P goes straight after

(a), then P repeats (b), (c) in this order, P goes into (d) after repeating (b), (c), or P goes into (d)
directly. When P reaches the right side of ∂G via (c), the part bL-R is finished. When P is reflected
by the lower side of ∂G via (d), we go to Step 2.
Step 2. If P reaches the right side of ∂G via (d), the part bL-R is finished. If P goes straight after

(d), then P repeats (e), (f) in this order, P goes into (a) after repeating (e), (f), or P goes into (a)
directly. When P reaches the right side of ∂G via (f), the part bL-R is finished. When P is reflected
by the upper side of ∂G via (a), we go to Step 1.

case (e): P passes through (e) in Figure 14
P is reflected by the upper side of ∂G via (a) after repeating (e), (f) in this order since p′ ≤ q′. We

go to Step 1 in case (a).
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Hence, the part bL-R is finished at (a), (c), (d) or (f) in Figure 14. Then, a part R-L starts from (g),
(h), (j) or (k) in Figure 15.

R-L: A part of P that starts from the right side of ∂G and reaches the left side of ∂G

Figure 15: A part R-L consists of the arrows, where each arrow represents the line segments with the
direction of the travel on G(i, j).

By similar arguments of the part bL-R, a part R-L is finished at (g), (i), (j) or (l) in Figure 15. If a part
R-L is finished at G(h, 1), P is finished at (g) or (i). Otherwise, a part L-R starts from (a), (b), (d) or
(e) in Figure 14.

L-R: A part of P that starts from the left side of ∂G and reaches the right side of ∂G

By similar arguments of the part bL-R, a part L-R is finished at (a), (c), (d) or (f) in Figure 14. Then,
a part R-L starts again.

By the above argument, the connections obtained from the travel on P between the figures in
Figure 14 and Figure 15 are illustrated by the arrows as in Figure 16.

Figure 16: (a) → (b) represents that P passes through G(i, j) by (b) after (a).

Next, for any G(i, j) that P passes through, we consider the parity of i + j. P passes through
G(i − 1, j), G(i + 1, j), G(i, j − 1) or G(i, j + 1) after G(i, j). For i, j, the numbers (i − 1) + j,
(i+ 1) + j, i+ (j − 1) and i+ (j − 1) have the same parity, and have the different parity from i+ j.
This fact together with the connections between the figures in Figure 14 and Figure 15 shows that
a connected pair of one of (a)-(f) and one of (g)-(l) in Figure 16 has the same parity. Moreover, a
connected pair of (a)-(f) or a connected pair of (g)-(l) in Figure 16 has the different parities. Hence,
(a)-(f) and (g)-(l) are classified into two sets based on the parity of i+ j: (a), (c), (e), (g), (i), and (k)
belong to one set, while (b), (d), (f), (h), (j), and (l) belong to the other set.

Finally, we focus on the shape of the union of the line segments composing P on any G(i, j)
which P passes through. By the previous argument, for 1 ≤ i ≤ p′, 1 ≤ j ≤ q′, the union on
G(i, j) consists of figures belonging to one of the two classified sets. Then, the union is a subset of
the rectangle. The perimeter of the rectangle is 2

√
2r. On the other hand, recall that the length of

P is 2
√
2p′q′r by Claim 2.11, and G is divided into p′q′ G(i, j)s. Thus, the union is the rectangle.
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Any double point of P is on
∪

∂G(i, j). Hence, any crossing of an element of K♯
D is on

∪
∂G(i, j)s.

Therefore, Proposition 3.1 is proved. Since Theorem 2.9 and the fact that the union of the line segments
composing P is the rectangle on any G(i, j), there are r rectangles on any G(i, j), where any two
rectangles on G(i, j) are formed by two projections obtained from mutually different elements of K♯

D.
Then, for any pair of i, j, the union of the rectangles on G(i, j) is regarded as the CKP obtained from
G(i, j). On the other hand, the rectangles formed by P on G(i, j) with even and odd values of i + j
are π

2
-rotationally symmetric to each other. Then, the CKPs obtained from G(i, j) with even and odd

values of i + j are also π
2
-rotationally symmetric. Hence, D(i, j)s with even and odd values of i + j

are also π
2
-rotationally symmetric, by Definition 2.6. Then, Proposition 3.2 holds by the parity of

1 + 1.

Corollary 3.3. The number of D(i, j)s with D(i, j) ∥ D(1, 1) is ⌈p′

2
⌉⌈ q′

2
⌉+ ⌊p′

2
⌋⌊ q′

2
⌋, and the number

of D(i, j)s with D(i, j) ∥ D(1, 1)
π
2 is ⌈p′

2
⌉⌊ q′

2
⌋+ ⌊p′

2
⌋⌈ q′

2
⌉.

Example 3.4. Let D6×9 be the CKD induced from the 6× 9 square grid. The number of D(i, j)s with
D(i, j) ∥ D(1, 1) is 3, and D(i, j)s with D(i, j) ∥ D(1, 1)

π
2 is 3 as in Figure 17.

Figure 17: D6×9 and the arrangement of D(1, 1)s and D(1, 1)
π
2 s on D6×9

We provide our own proof of the claim by Fisher and Mellor, which was mentioned in Section 2.2.

Theorem 3.5 ([3]). Any element of K♯
D is plane ambient isotopic to the CKD induced from the p′ × q′

square grid.

Proof. First, we compare P obtained from an element of K♯
D and the CKP obtained from the p′ × q′

square grid. Each of the left and right sides (the upper and lower sides respectively) of ∂G is divided
into p′ (q′ respectively) equal parts of length r. Then, take the midpoint for any part. Connect each
midpoint on the left or lower (left or upper respectively) sides of ∂G to the midpoint on the right or
upper (right or lower respectively) sides of ∂G by the line segment of slope 1 (−1 respectively). The
union of the line segments is regarded as a projection of a link, since each midpoint is connected by
line segments of slopes 1 and −1. The projection, denoted by P ′, is the enlarged r times figure of
the CKP obtained from the p′ × q′ square grid. By the above argument and Proposition 3.2, each of
2(p′+ q′) equal parts of ∂G contains one point of P and one point of P ′. The line segments connected
to each midpoint are kept fixed with the slopes preserved, while each point of P ′ is moved to coincide
with the corresponding point of P . Then, P ′ and P coincide as projections. Hence P is plane ambient
isotopic to the CKP obtained from the p′ × q′ square grid.

Next, we focus on the over/under information of a crossing. Let K ∈ K♯
D that obtains P . P

divides G into rectangles and triangles. For any polygon of P , each vertex on ∂G doesn’t correspond
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to a crossing of K, and each vertex on the interior of G corresponds to a crossing of K. Take the
checkerboard coloring for K where the top crossing of K on a shaded region is on a horizontal
edge of G. Then, regions of K corresponding to some rectangles of P are shaded, and a region of
K corresponding to any triangle of P is not shaded. By the following mention of Remark 2.8, the
coloring at a neighborhood of any crossing of K is as in Figure 18. On the other hand, for the CKD
induced from the p′ × q′ square grid, take the same checkerboard coloring as the above. By the same
argument as the above, the coloring at a neighborhood of any crossing of the CKD induced from the
p′ × q′ square grid is as in Figure 18. Since P is plane ambient isotopic to the CKP obtained from the
p′× q′ square grid, over/under information of the top or bottom (the left or right respectively) crossing
on a shaded region of K and the top or bottom (the left or right respectively) crossing on a shaded
region of the CKD induced from the p′ × q′ square grid are the same. Therefore, any element of K♯

D

is plane ambient isotopic to the CKD induced from the p′ × q′ square grid.

Figure 18: The over/under information of the crossing on an edge of a polygon of G, and the
checkerboard coloring of a neighborhood of the crossing

Corollary 3.6. Any element of K♯
D is alternating.

In general, the crossing number of a link is defined as the minimum number of crossings among
all possible diagrams of the link. On the other hand, Lemma 3.7 and Proposition 3.8 present results
for the number of crossings in a specific diagram, which is different from the crossing number.

Lemma 3.7. D has 2pq − p− q crossings.

Proof. By Definition 2.7, the cardinality of the set of the sides of the squares composing G without
∂G is 2pq − p− q. Moreover, for any element of the set, there exists a crossing of D on the midpoint
of the element by Definition 2.6. Hence, D has 2pq − p− q crossings.

Proposition 3.8. Any element of K♯
D has 2p′q′ − p′ − q′ crossings.

Proof. It follows from Theorem 3.5 and Lemma 3.7.

Remark 3.9. Kauffman, Murasugi and Thistlethwaite showed that if a link L admits an alternating,
irreducible diagram of m crossings, then L cannot be projected with fewer than m crossings ([5, 8, 9]).
This fact together with Proposition 3.8 shows that the minimal number of the crossings of any diagram
of the knot represented any element of K♯

D is 2p′q′− p′− q′ except for the CKD induced from a p×np
square grid.
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3.2 Results of Celtic knot design of p× q honeycomb grid
For a p× q honeycomb grid G, let (m,n), (m,n)i (i = 1, 2 . . . , 6), D, K∗

D and O be as in Section 2.3.
The spur ofD passes through at least one reglar hexagon in the rightmost column ofG by Theorem 2.18.
Let (q, s) be the top regular hexagon that the spur passes through in the rightmost column of G as in
Figure 19, and let r := p− s+ 1.

Figure 19: The shaded hexagon represents (q, s).

For r ≥ 2, k ∈ N (1 ≤ k ≤ r − 1), let Tk ∈ K∗
D passing through (q, p − r + 1 + k)4 and

L := {the spur, Tk}.

Lemma 3.10. Any pair of elements of L are different elements of K∗
D.

Proof. Since the spur passes through (q, p − r + 1)4, if r ≥ 2, then Tk is not the spur. Let i, j ∈ N
where 1 ≤ i ≤ q+1

r+1
, 1 ≤ j ≤ p+1

r+1
. We travel on all of Tk simultaneously counterclockwise from

(q, p − r + 1 + k)4. By Definitions 2.6 and 2.13, for any i, j, all of Tk simultaneously pass through
(1, (j−1)(r+1)+k)1 on ∂G. Similarly, all of Tk simultaneously pass through ((i−1)(r+1)+k, 1)4,
(q, (j − 1)(r+ 1) + 1+ k)4, ((i− 1)(r+ 1) + 1+ k, p)1 on ∂G. Then, the mutual positional relation
of any pair of Tk is not deviated during the travels. Hence, all of Tk are different elements. Therefore,
any pair of elements of L are different elements.

By the definition of r and Lemma 3.10, Proposition 3.11 holds.

Proposition 3.11. For p ∈ N, if q = p, then the spur of D has no self crossing and each element of
the track of D has one self crossing.

We travel clockwise from O to O via (q, 1)4 on G by Theorem 2.18. The travel from O to (q, 1)4
is called the first half travel. The travel from (q, 1)4 to O is called the second half travel. Let S1 (S2

respectively) be the subset of the projection obtained from the spur corresponding to the first half
travel (the second half travel respectively), with over/under information added to the crossings that are
passed through twice during the half travel.

Lemma 3.12. If the spur traverses (q, 1) clockwise, then S2 passes through the regular hexagons left
or lower adjacent to the regular hexagons which S1 passes through.

Proof. We consider the travel on S1 that starts from O clockwise, and the travel on S2 that starts
from O counterclockwise simultaneously. Note that, the direction of the travel in this proof on S2 is
opposite of the direction of the second half travel. Let i, j ∈ N where 1 ≤ i ≤ q+1

r+1
, 1 ≤ j ≤ p+1

r+1
.

By a similar argument of the proof of Lemma 3.10, S1 passes through (1, j(r + 1))1 and S2 passes
through (1, j(r + 1) − 1)1 simultaneously. If j = p+1

r+1
, (1, j(r + 1))1 is not defined. In this case,
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S1 passes through (1, p)1. S1 passes through (i(r + 1), 1)4 and S2 passes through (i(r + 1) − 1, 1)4
simultaneously. If i = q+1

r+1
, (i(r + 1), 1)4 is not defined. In this case, S1 passes through (q, 1)4. S1

passes through (q, (j − 1)(r + 1) + 1)4 and S2 passes through (q, (j − 1)(r + 1))4 simultaneously.
If j = 1, (q, (j − 1)(r + 1))4 is not defined. In this case, S2 passes through (q, 1)4. S1 passes
through ((i− 1)(r + 1) + 1, p)1 and S2 passes through ((i− 1)(r + 1), p)1 simultaneously. If i = 1,
((i− 1)(r+1), p)1 is not defined. In this case, S2 passes through (1, p)1. Then, S1 and S2 are parallel
during the travels except for (1, p) and (q, 1) since S1 and S2 are closed at (1, p)1 and (q, 1)4.

Definition 3.13 (broken segment, length of a broken segment). Let PK be a projection obtained from
K ∈ K∗

D. A subset of a line segment composing PK which has just two points intersecting with ∂G
is called a broken segment (of K). The length of a broken segment is the distance between the two
intersections.

Theorem 3.14. If the spur of D traverses (q, 1) counterclockwise, then D is a knot diagram.

Proof. Let (me, p) be the e-th regular hexagon in the top row of G which the spur passes through
during the travel from O to O. By O = (1, p)1, (m1, p) = (1, p) holds. Let be be the number of
the regular hexagons in the top row of G from (q, p) to (me, p). If e = 1, then b1 = q ≥ p. Thus,
1 ≤ be ≤ q and me = q − be + 1 hold. Then, there are three cases.

Assume b1 = q = p. The spur traverses (q, 1) = (p, 1) clockwise by Proposition 3.11.
Assume b1 = q = p+1. The spur traverses (q, 1) = (p+1, 1) counterclockwise. Then, S2 passes

through p hexagons in the top row of G (2, p), . . . , (p + 1, p) in this order, that is, be = p − e + 2,
(e = 2, 3, . . . , p+ 1).

Assume b1 = q ≥ p+2. Then b2 = b1−p−1 holds. Moreover, suppose that e ≥ 2. If be ≥ p+2,
then be+1 = be − p− 1. If be = p+ 1, then the spur traverses (q, 1) counterclockwise. If be = p, then
the spur traverses (q, 1) clockwise. If be ≤ p − 1, then be+1 = q − p + be. Hence, it is enough to
consider this case be = p+ 1.

We may suppose that the spur passes through (1, p)1 ((q, 1)4 respectively) in S1 (S2 respectively).
Let u1 (u2 respectively) be the number of the regular hexagons in the top row of G that S1 (S2

respectively) passes through. Let v1 (v2 respectively) be the number of the regular hexagons in the
rightmost column of G that S1 (S2 respectively) passes through. Recall that G is on the oblique
coordinate. By Definition 3.13, S1 and S2 consist of broken segments. Focus on the broken segments
with the directions composing the first half travel S1 such that the direction of each broken segment
corresponds to the positive direction of the x-axis. By the sum of the lengths of the broken segments,
(p+ 1)u1 − v1 = q(v1 + 1)⇔−(p+ 1)u1 + (q + 1)(v1 + 1) = 1⇔ u1 =

(q+1)(v1+1)−1
p+1

holds. Since
u1, v1 ∈ N, gcd(p+1, q+1) = 1 holds. Focus on the broken segments with the directions composing
the second half travel S2 such that the direction of each broken segment corresponds to the negative
direction of thex-axis. By the sum of the lengths of the broken segments, (p+1)(u2+1)−(v2+1) = qv2
⇔ u2+1 = (q+1)(v1+v2+1)

p+1
− (q+1)(v1+1)−1

p+1
⇔ u2+1 = (q+1)(v1+v2+1)

p+1
−u1 holds. Since u2+1 ∈ N and

u1 ∈ N, (q+1)(v1+v2+1)
p+1

∈ N holds. By these arguments, since gcd(p+ 1, q + 1) = 1 and v1 + v2 ≤ p,
(q+1)(v1+v2+1)

p+1
∈ N ⇔ v1 + v2 = p holds. Suppose that the track is not empty. There is at least

one regular hexagon that an element of the track passes through in the leftmost column of G by
Definitions 2.6, 2.13 and a similar argument of the proof of Theorem 2.18. The same is true for
regular hexagons in the bottom row, the rightmost column and the top row of G. This fact together
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with the above argument shows that if the spur of D traverses (q, 1) counterclockwise, then D is a
knot diagram.

Theorem 3.15. D represents an r-component link.

Proof. We prove L = K∗
D by dividing r into two cases.

Case 1: r ≥ 2
There is at least one element of K∗

D which is not the spur. Let i, j, k ∈ N where 1 ≤ i ≤ q+1
r+1

,
1 ≤ j ≤ p+1

r+1
, 1 ≤ k ≤ r − 1. By arguments of the proofs of Lemmas 3.10 and 3.12, any regular

hexagon in the leftmost column of G is passed through by an element of L. The same is true for the
regular hexagons in the bottom row, the rightmost column and the top row of G. Then, L = K∗

D holds
for r ≥ 2. We showed Theorem 3.15 in the case of r ≥ 2.

Case 2: r = 1
L = {the spur} holds. By Theorem 2.18, the spur passes through (q, 1)4. If the spur passes around
counterclockwise at (q, 1)4, then L = K∗

D by Theorem 3.14. Assume that the spur passes around
clockwise at (q, 1)4. We show that there are no elements of K∗

D \ L. We assume that there exists an
element of K∗

D \ L, denoted by T . By a similar argument of the proof of Theorem 2.18, T passes
through at least one regular hexagon which has an intersection point of T and each side of ∂G. Let
(q, n1)4 be a point which T passes through. Since the spur passes through (q, 1)4, we see that 1 < n1.
Let (q, n2)4 be the point which the spur passes through where n2 < n1 and n1 − n2 is minimum.
For any point (q, n′

2)4 which the spur passes through, there exists the point (q, n′
1)4 which T passes

through such that n′
1 − n′

2 = n1 − n2 by similar arguments of the proof of Lemma 3.10 and 3.12.
Hence, the fact contradicts r = 1. Thus, there are no elements of K∗

D \ L, i.e., L = K∗
D holds.

Therefore, D represents an r-component link.

Theorem 3.16. If gcd(p + 1, q + 1) = 1, then r = 1 and the spur traverses (q, 1) counterclockwise.
If gcd(p+ 1, q + 1) ̸= 1, then r = gcd(p+ 1, q + 1)− 1 and the spur traverses (q, 1) clockwise.

Proof. Focus on the set of the broken segments composing the first half travel S1 whose directions
corresponds to the positive x-axis. Let u (v respectively) be the number of the regular hexagons that
S1 passes through in the top row (the rightmost column respectively) of G, i.e. u, v ∈ N, 1 ≤ u ≤ q,
1 ≤ v ≤ p. Since the spur traverses (q, 1) clockwise, by the sum of the lengths of the elements in the
set, (p+1)u−v = qv holds. Hence, (p+1)u = (q+1)v holds. We note that (u, v) ∈ N2 is the minimal
solution to the equation. Then, (p+1)u = (q+1)v = lcm(p+1, q+1) holds. Furthermore, this fact
together with (p+1)(q+1) = lcm(p+1, q+1)gcd(p+1, q+1) shows that gcd(p+1, q+1) = p+1

v
,

gcd(p+ 1, q + 1) = q+1
u

. On the other hand, by an argument of the proof of Lemma 3.12, the regular
hexagons in the leftmost column of G that S1 passes through are located per distance of r + 1. The
same is true for regular hexagons in the bottom row, the rightmost column and the top row of G. Then,
p+1
v

= q+1
u

= r + 1 holds. These facts show that r + 1 = gcd(p + 1, q + 1) holds. Since r ≥ 1, if
gcd(p+ 1, q + 1) ̸= 1, then r + 1 = gcd(p+ 1, q + 1) holds. Then, gcd(p+ 1, q + 1) is divided into
the following two cases for the remainder of the proof of Theorem 3.16.

We assume gcd(p + 1, q + 1) ̸= 1. Then, r = gcd(p + 1, q + 1) − 1 holds. If the spur traverses
(q, 1) counterclockwise, then gcd(p + 1, q + 1) = 1 holds by the proof of Theorem 3.14. Hence, if
gcd(p+ 1, q + 1) ̸= 1, then r = gcd(p+ 1, q + 1)− 1 and the spur traverses (q, 1) clockwise.
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We assume gcd(p+1, q+1) = 1. If the spur traverses (q, 1) clockwise, then (p+1)u = (q+1)v
holds by the previous argument. Since 1 ≤ v ≤ p, gcd(p+ 1, q + 1) ̸= 1 holds. This fact contradicts
gcd(p+1, q+1) = 1. Then the spur on G traverses (q, 1) counterclockwise. Hence, the CKD induced
from G is a knot diagram by Theorem 3.14. This fact together with the definition of r shows that if
gcd(p+ 1, q + 1) = 1, then r = 1 and the spur traverses (q, 1) counterclockwise.

Example 3.17. For a CKD induced from a 5× q honeycomb grid, if q = 5, then r = 5; if q = 6, then
r = 1; if q = 8, then r = 2; and if q = 11, then r = 5 as in Figure 20.

Figure 20: CKDs induced from 5× q honeycomb grids

Corollary 3.18. If p+ 1 is a prime number, then r = 1 or r = p.

Corollary 3.19. Suppose that p = 1, then r = 1. Moreover, if q is even, then the spur traverses (q, 1)
counterclockwise, otherwise it traverses (q, 1) clockwise.

Corollary 3.20. For h ∈ N, if q = h(p+ 1)− 1, then r = p and D represents a p-component link.

We consider the opposite side of Corollary 3.20.

Proposition 3.21. If p ̸= 1 and D represents a p-component link, then q ∈ {h(p+ 1)− 1 | h ∈ N}.

Proof. By Theorem 3.15 and the assumption of Proposition 3.21, r = p ≥ 2 holds. Then, by
Theorem 3.14 and r ≥ 2, the spur traverses (q, 1) clockwise. Moreover, by the definition of Tk, Tk

passes through (q, k+1)4 (1 ≤ k ≤ p−1). Let (S1, T1, . . . , Tp−1) and (S2, S1, T1, . . . , Tp−1) be ordered
sets. By Definition 2.14 and arguments of the proofs of Lemmas 3.10 and 3.12, the elements of K∗

D are
lined up at the upper side of ∂G as follows: just (S1, T1, . . . , Tp−1), or the sequence (S1, T1, . . . , Tp−1),
(S2, S1, T1, . . . , Tp−1), . . . , (S2, S1, T1, . . . , Tp−1). Hence, q ∈ {h(p+ 1)− 1 | h ∈ N} holds.

We assume gcd(p + 1, q + 1) ̸= 1. Then, r = gcd(p + 1, q + 1) − 1 by Theorem 3.16.
Let 1 ≤ i′ ≤ q+1

r+1
− 1, 1 ≤ j′ ≤ p+1

r+1
− 1, 1 ≤ m ≤ p, 1 ≤ n ≤ q. The closure of

G \
∪
((i′(r + 1),m) ∪ (n, j ′(r + 1))) is the union of r× r honeycomb grids on G where the number

of r × r honeycomb grids is p+1
r+1

× q+1
r+1

. Let 1 ≤ i ≤ q+1
r+1

, 1 ≤ j ≤ p+1
r+1

. Let G(i, j) be the r × r
honeycomb grid composing the union located i-th from the left and j-th from the bottom on G. The
broken segments of the spur of D of slope 0 and length q, and the broken segments of the spur of
slope ∞ and length p divide G into G(i, j) by Definition 2.14 and a similar argument of the proof of
Lemma 3.12.

We extend deformations of a CKD in Figure 12 by applying the following Step 1 and Step 2. In
Figures 21-23, ∂G(i, j) is black, the interior of G(i, j) shaded, and the replacing disks pink. Since
the spur of D divides G into G(i, j)s, each crossing of D on ∂G(i, j) involves the spur. Thus, the
crossing is either a self crossing or a crossing of the spur and an element of the track of D. For
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k ∈ N (1 ≤ k ≤ r − 1), let Tk ∈ K∗
D passing through the intersections of the regular hexagon

(q, p− r + 1 + k) and the right side of ∂G. By considering the shape of each element of K∗
D and the

arrangement of G(i, j), there exist two types of arrangements of crossings of D on ∂G(i, j): one self
crossing of the spur of D as (a) in Figure 21 and two adjacent crossings of the spur and Tk as (b) in
Figure 21. Note that an arrangement (a) (an arrangement (b) respectively) in Figure 22 is composed
of a combination of two copies of an arrangement (a) (an arrangement (b) respectively) in Figure 21.
Then, the crossings in the exterior of G(i, j) are self crossings as in Figures 21, 22 . Hence, for the two
types of arrangements as in Figure 21, we define extensions of deformations of Figure 12 as Step 1
and Step 2. Moreover let D(i, j) be the diagram on G(i, j) obtained by Step 1 and Step 2.

Figure 21: The two types of arrangements of crossings of D on ∂G(i, j)

Figure 22: Arrangements are composed of figures in Figure 21.

Step 1 For any self crossing of the spur of D on ∂G(i, j), take a small disk, and replace it with a
new small disk as (a) in Figure 23.

Step 2 For any k, we focus on two adjacent crossings of the spur of D and Tk on ∂G(i, j). Take
a small disk including the crossings, and replace it with a new small disk as (b) in Figure 23.

Figure 23: Deformations of a self crossing of the spur and two crossings of the spur and Tk

The diagram D(i, j) is regarded as a CKD induced from G(i, j) by the over/under information of
the crossings of D. For any i, j, k, let tD(i,j)

k ∈ K∗
D(i,j) passing through the intersection of the regular

hexagon (i(r + 1)− 1, (j − 1)(r + 1) + 1 + k) and the right side of ∂G(i, j). By Step 1, Step 2 and
the shapes of the elements of K∗

D, the following theorem holds.

Theorem 3.22. For any i, j, k, the spur of D(i, j) (tD(i,j)
k respectively) corresponds to the spur of D

(Tk respectively).
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The color of an element of K∗
D(i,j) obtained by Step 1, Step 2 coincides the color of the corre-

sponding element of K∗
D.

Corollary 3.23. D(i, j) ∥ D( q+1
r+1

, p+1
r+1

).

Proposition 3.24. Any crossing of D on G \
∪

G(i, j) is a self crossing.

Example 3.25. LetD be the CKD induced from the 7×11 honeycomb grid. Then r = 3, 1 ≤ i ≤ 11+1
3+1

,
1 ≤ j ≤ 7+1

3+1
, 1 ≤ k ≤ 3 − 1. The spur of D(i, j) (tD(i,j)

k respectively) corresponds to the spur of D
(Tk respectively) as in Figure 24. Any crossing of D on G \

∪
G(i, j) is a self crossing.

Figure 24: From left to right - D; the figure obtained from D by applying Step 1 and Step 2;
∪
D(i, j)

on G; D on G \
∪

G(i, j).

Corollary 3.26. The number of the self crossings of the spur of D is 12(p+1
r+1

− 1)( q+1
r+1

− 1) +

2(p+1
r+1

− 1) + 2( q+1
r+1

− 1). The number of the self crossings of each element of the track of D is
p+1
r+1

· q+1
r+1

+ (p+1
r+1

− 1) q+1
r+1

+ p+1
r+1

( q+1
r+1

− 1).

Proposition 3.27. For h ∈ N, if q = h(p+1)− 1, then r = p and each element of K∗
D is the diagram

of a trivial knot.

Proof. By Corollary 3.20 and the assumption of Proposition 3.27, r = p. Hence we have j = 1 by
1 ≤ j ≤ p+1

r+1
. This fact together with Propositions 3.11, 3.24 and Corollary 3.23 shows that any

crossing of any element of K∗
D is nugatory. Then, Proposition 3.27 holds.

Theorem 3.28. Any element of the track of D is uniquely determined up to plane ambient isotopy.

Proof. Let Dp×p be the CKD induced from a p× p honeycomb grid. The number of the elements of
K∗

Dp×p
is p by Theorems 3.15 and 3.16. By Proposition 3.11, each element of the track of Dp×p has

one self crossing. The crossing of each element of the track consists of two line segments of slopes 0
and ∞. Thus, the over/under information of the crossing is uniquely determined. Hence, each element
of the track of Dp×p is unique up to plane ambient isotopy.

For any i, j, k ∈ N, the above argument and preliminaries of Theorem 3.22 show that tD(i,j)
k and

t
D(i,j)
k+1 obtained from D is unique up to plane ambient isotopy, where 1 ≤ i ≤ q+1

r+1
, 1 ≤ j ≤ p+1

r+1
,

1 ≤ k ≤ r − 1. Moreover, for any i′, j, k ∈ N, by Theorem 3.22 and Proposition 3.24, tD(i′,j)
k and

t
D(i′+1,j)
k are connected by a self crossing of Tk, where 1 ≤ i′ ≤ q+1

r+1
− 1. The crossing consists of

two line segments of slopes −1 and 0. Then, the over/under information of the crossing is uniquely
determined. Similarly, for any i, j ′, k ∈ N, tD(i,j′)

k and t
D(i,j′+1)
k are connected by a self crossing of Tk,

where 1 ≤ j′ ≤ p+1
r+1

− 1. The crossing consists of two line segments of slopes −1 and ∞. Then, the
over/under information of the crossing is uniquely determined. Therefore, any element of the track of
D is uniquely determined up to plane ambient isotopy.
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Proposition 3.29. Any element of K∗
D is alternating.

Proof. If p = 1 (gcd(p + 1, q + 1) = 1 respectively), D is a knot diagram by Corollaly 3.19
(Theorems 3.15 and 3.16 respectively). Thus, Proposition 3.29 holds. If p ≥ 2, gcd(p+1, q+1) ̸= 1
and q = h(p+1)−1 (h ∈ N), then any element ofK∗

D is alternating by Corollary 3.23, Propositions 3.11
and 3.24. In the remainder of this proof, suppose that p ≥ 2, gcd(p+1, q+1) ̸= 1 and q ̸= h(p+1)−1
(h ∈ N). Let PK be a projection obtained from K ∈ K∗

D.
First, we show that PK has equilateral triangles (i.e. a triangle whose three sides are equal in

length) and hexagons on the interior of G. Then, K consists of the broken segments each with slope
−1, 0 or ∞. For any broken segment, take the straight line that includes itself.

AssumeK is an element of the track. The distance between any pair of parallel and adjacent broken
segments of K with length greater than 1

2
on G is r + 1 by an argument of the proof of Lemma 3.10.

Fix a broken segment of K of slope 0 (∞, −1, respectively) and length greater than 1
2
, and let Xt (Yt,

Zt, respectively) be the set of infinite parallel straight lines which are arranged per distance of r + 1
on the plane, where the set includes the straight line obtained from the broken segment. Three lines -
one from each of Xs, Yt, and Zt - form an equilateral triangle. Six lines - two from each set - form a
hexagon. Hence, Xt ∪ Yt ∪Zt divides the plane into the equilateral triangles and the hexagons. Then,
PK has the equilateral triangles and the hexagons on the interior of G.

Assume K is the spur. The parallel and adjacent straight lines obtained from broken segments of
K alternate between distance of r and 1 by an argument of the proof of Lemma 3.12. Fix a broken
segment of S1 ⊂ K with length greater than 1

2
. The image on G obtained from the fixed broken

segment of S1 of slope 0 (∞, −1, respectively) by the parallel translation of −1 along the y-axis
(x-axis, x-axis respectively) is the broken segment of S2 ⊂ K by Lemma 3.12. Let Xs (Ys, Zs,
respectively) be the set of infinite parallel straight lines which are arranged per distance of r + 1 on
the plane, where the set includes the straight line obtained from the fixed broken segment of slope
0 (∞, −1, respectively). Let X ′

s (Y ′
s , Z ′

s respectively) be the set obtained by translating Xs (Ys, Zs

respectively) by −1 along the y-axis (x-axis, x-axis respectively). Hence, Xs∪X ′
s∪Ys∪Y ′

s ∪Zs∪Z ′
s

divides the plane into the equilateral triangles and the hexagons as in Figure 25. Then, PK has the
equilateral triangles and the hexagons on the interior of G.

Figure 25: Elements ofXs∪Ys∪Zs (X ′
s∪Y ′

s∪Z ′
s respectively) are depicted in red (brown respectively)

Second, we show that any crossing of K corresponds to a vertex of the polygons on the interior
of G. Assume K is an element of the track. The shape of K is recognized by Corollaries 3.23, 3.26,
Theorem 3.22 and Proposition 3.24. Recall that there exists just one crossing of tD(i,j)

k on G(i, j)
for 1 ≤ i ≤ q+1

r+1
, 1 ≤ j ≤ p+1

r+1
. For any D(i, j) ((i, j) ̸= (1, p+1

r+1
), ( q+1

r+1
, 1)) and k, the crossing of

t
D(i,j)
k corresponds to the vertex of at least one equilateral triangle on the interior of G. We checked
p+1
r+1

· q+1
r+1

− 2 crossings. The self crossings on G \
∪
G(i, j) correspond to the remaining vertices of
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the equilateral triangle. We checked (p+1
r+1

− 1) q+1
r+1

+ p+1
r+1

( q+1
r+1

− 1) crossings. By the assumption of
p and q, there are two or more broken segments of K of slope −1 and length greater than 1

2
on G.

The same is true for broken segments of slope 0 or ∞ and length greater than 1
2

on G. Recall that the
distance between any pair of parallel and adjacent broken segments of K with length greater than 1

2

on G is r + 1. Then, for (i, j) = (1, p+1
r+1

), ( q+1
r+1

, 1), K has two broken segments that passes through
G(i, j) of slope −1, and t

D(i,j)
k has two broken segments of slopes 0 and ∞ and length greater than

1
2

by the shape of D(i, j). The crossing of tD(i,j)
k corresponds to the crossing of K consisting of the

broken segments of slopes 0 and ∞ by Theorem 3.22 and Corollary 3.23. By the assumption of p
and q, there exists the broken segment of K of slope 0 and length greater than 1

2
on G at a distance

of r + 1 from the broken segment of K of slope 0. The same is true for the broken segment of
slope ∞ on G. The straight lines including these six broken segments form a hexagon on the interior
of G. Thus, for (i, j) = (1, p+1

r+1
), ( q+1

r+1
, 1), the crossing of tD(i,j)

k corresponds to the vertex of the
hexagon on the interior of G. We checked two crossings. Then, we checked all crossings of K by
Corollary 3.26. Hence, any crossing of K corresponds to a vertex of the equilateral triangles or a
vertex of the hexagons on the interior of G in this case.

Assume K is the spur. The shape of K is recognized by Corollaries 3.23, 3.26, Theorem 3.22
and Proposition 3.24. Any crossing of K is in the closure of G \

∪
G(i, j) by Proposition 3.11 and

Corollary 3.23. Any G(i, j) is obtained by dividing G by the broken segments of K of slope 0 and
length q, and the broken segments of K of slope ∞ and length p. Then, the union of the straight lines
obtained from the broken segments of K of slope −1 and the straight lines obtained from the broken
segments that divide G forms the equilateral triangles and the regular hexagons with side length 1

2
on

the interior of G. Let A be the set of the crossings of K each of which is corresponding to a vertex
of the equilateral triangles. We checked 12(p+1

r+1
− 1)( q+1

r+1
− 1) crossings. Let B be the set of the

crossings of K not in A. Since any element of B is not in A and on ∂G(i, j) having an intersection
with ∂G, any element of B corresponds to a vertex of the equilateral triangles with side length r − 1

2

on the interior of G. We checked 2(p+1
r+1

− 1) + 2( q+1
r+1

− 1) crossings. Then, we checked all crossings
of K by Corollary 3.26. Hence, any crossing of K corresponds to a vertex of the equilateral triangles
on the interior of G in this case.

Finally, we show that the crossings ofK corresponding to the vertices of a polygon on the interior of
G are “locally alternating”, in order to show that K is alternating. Take a compact region intersecting
with a diagram of a link on the plane. The intersection points of the boundary of the region and
the diagram are transverse double points. The intersection of the region and the diagram is called
the restricted diagram by the region. We say that the restricted diagram by the region is locally
alternating if the over/under information of the crossings on every segment in the restricted diagram
appears alternately. For any polygon of PK on the interior of G, take a neighborhood of the polygon
that is not including a vertex of another polygon. The neighborhood corresponds to the compact
region intersecting K. If the restricted diagrams by the neighborhoods are locally alternating, then
K is alternating because any crossing of K corresponds to a vertex of the polygons on the interior of
G. Hence, the restricted diagram by the neighborhood is locally alternating because the over/under
information of the crossings on every segment in the restricted diagram by the neighborhood appears
alternately by the slopes of the broken segments of K. Therefore, K is alternating.

In all cases, any element of K∗
D is alternating.

Example 3.30. Let D be the CKD induced from the 7 × 11 honeycomb grid as in Figure 8. Then,
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the spur passes through (11, 1). Moreover, the elements of the track (K2, K3 ∈ K∗
D) are unique up to

plane ambient isotopy. Any element of K∗
D is alternating.
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Abstract
The purpose of this paper is to introduce a geometric method using a straightedge and compass for 
representing the exponent x of an equation, equivalently expressed as x=ln(a)/ln(b), in the form of a 
continued fraction, thereby enabling its computation. Although analogous to the Euclidean algorithm, 
this method operates on exponents, with division carried out geometrically rather than symbolically. 
The exponent of the equation is determined by locating the two perpendiculars between which the 
magnitude b lies. In the geometric construction, perpendiculars are drawn on the hypotenuse AC and 
base BC of a right‑angled triangle ABC with the right angle at B, where AB=1 and cos(C)=a with a<1. 
Since the exponent, being transcendental, is not an integer, the process must be repeated for the 
remainder. The reciprocal of the remainder, treated geometrically, again produces a new remainder, 
thus continuing the geometric process. This method opens the door to using geometry as a 
computational tool, rather than restricting it to its traditional illustrative or grammatical role. 

1. Introduction  
Going back to our school days, when simplifying fractions was part of the curriculum, we 
encountered many operations—addition, subtraction, multiplication, and division—each requiring 
careful execution according to a memorised priority rule. This rule was often remembered by the 
acronym BADMAS, which determined the order of arithmetic operations: first Brackets (BA), 
followed by Division (D), then Multiplication (M), then Addition (A), and finally Subtraction (S). 

The combination BA + D + M + A + S formed the word BADMAS (in Hindi बदमाश), which 
literally means a ‘rogue’ or ‘villain’, and this amusing association helped students memorise the 
order of operations. In contrast, continued fractions involve a single operational priority: 
computation proceeds from the last term to the first. A simple fraction can be written ܽ = ݍ/ݎ
where ݎ and ݍ are real positive integers. But a fraction can also continue as:

ܽ = ܽ଴ + ܽଵ
ܽଶ + ܽଷܽସ + ܽହܽ଺ + ⋯

This expansion may involve a finite number of terms (for rational numbers) or an infinite 
sequence (for irrational or transcendental numbers), where ܽ, ܽ଴, ܽଵ, ܽଶ,… are positive integers. 
Euclid, in his Elements (c. 300 BCE), introduced an algorithm for computing the greatest common 
divisor (GCD or HCF) of two numbers [3, 7]. This algorithm forms the backbone of continued 
fraction construction for a ratio ܽ/ܾ.

Briefly stating, the method finds the GCD of ݍ/ݎ by dividing ݎ by ݍ, yielding quotient ܽ଴
and remainder ଵ.  Then qݎ is divided by the remainder rଵ, yielding quotient ܽଵ and remainder rଶ
and the process continues until the remainder vanishes or the division continues indefinitely. The 
fraction ݍ/݌ is then expressed as 

ܽ଴ + ܽଵ
ܽଶ + ܽଷܽସା௔ఱ..

.
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For example, 375/147 is written as a continued fraction using the Euclidean algorithm:

2 + 1
1 + 1

1 + 1
4 + 1

2 + 12

.

In published literature, continued fractions have been visualised geometrically to interpret 
their properties, their connection to integer lattices, their algorithmic structure, the Farey sequence, 
and hyperbolic geometry. However, geometry has not been used to extract continued fractions; 
rather, it has served to analyse the fractions derived from the Euclidean algorithms. These visual 
interpretations find applications in Diophantine approximation, rational approximation, symmetries, 
and pattern analysis [5]. 

Very little work has explored geometry as a semantic engine for computational purposes. 
Foundational contributions in this direction were made by the great geometer René Descartes, who 
used geometry to solve algebraic problems. In particular, he considered the problem of generating a 
sequence of lengths between two points ܽ and ܾ such that the ratio of two consecutive terms is 
constant. To achieve this, he proposed a mechanism involving movable perpendicular linkages 
along the base BC and movable rulers on the hypotenuse AC of a right triangle ABC. This device, 
now known as Descartes’s Logarithm Machine, was designed to trace logarithmic curves [1, 2]. The 
concept was later implemented using dynamic geometry software [1]. More recently, independent 
semantic constructive approaches, aligned with Descartes’ vision, have appeared in published work 
[8]. The method presented in this paper, developed independently, extends this lineage by using 
iterative perpendicular constructions within a fixed triangle to compute the continued fraction 
expansion of the transcendental exponent  ݔ in ܽ௫ = ܾ —a goal not previously pursued.

In this paper, the geometry using a straightedge and compass is utilised as a computational tool 
to generate 

I. indefinitely continuing fractions of ݔ given by the equation ܽ௫ = ܾ, where ܽ and ܾ are 
algebraic and ≠ 0, 1 or ±∞ and ݔ is not real rational, and 

II. prove the ratio of two transcendental, i.e. ݈݊(ܽ)/݈݊(ܾ) is transcendental when ܽ and ܾ
are algebraic and are ≠ 0, 1 or ±∞ and ݔ is not real rational. 

1.1 Proof Notations and Definitions
Letters like ܣ, ,ܤ ,ܥ …, ,’ܣ ,’ܤ ,’’ܣ or ,… ,’ܥ ,’’ܤ ,’’ܥ … while referring to the geometric Figures 1, 2 and 
3, denote points. Two alphabets without gap like ܥܤ,ܤܣ, ܪܩ ,’ܤ’ܣ ,.., ,’ܥ’ܤ ,’ܪ’ܩ ,’‘ܤ’’ܣ… ,’’ܥ’’ܤ ,’’ܪ’‘ܩ … , ,ଶܦଵܦ ,ସܧଷܣ ଵܦܤ … denote a line or its segment. Three alphabets without gap 
like ܥܤܣ, ܨܧܦ …, ,’ܥ’ܤ’ܣ ,’ܨ’ܧ’ܦ ,’’ܥ’’ܤ’’ܣ ,… ,’’ܨ’’ܧ’’ܦ …, denote a triangle. Geometric signs ⊥, ∠, ∆, 
denote a perpendicular, an angle, and a triangle, respectively. Alphabet ݌௠, ௠ܲ denote the magnitude 
of the ݉ݐℎ perpendicular corresponding to ܿݏ݋௠(ܥ) and the magnitude of the ݉ݐℎ perpendicular 
corresponding to 1/ܿݏ݋௠(ܥ), respectively 

Mathematical signs ∞, →, >, <, =, ≥, ≤, denote infinity, tending to (approaching), more than, 
less than, equal to, equal to or more than, equal to or less than, respectively. Letters ܽ, ܾ, ܿ, … , ,ݔ ,ݕ ,ݖ . ., denote real quantities.  Real quantities ݎ௜, ௜ݍ where ݅ = 0, 1, 2, 3, … denote 
positive integers. ݏ݋ܥ (ܥ) is the trigonometric ratio of the base to the hypotenuse of a right-angled 
triangle that has angle C (in radians) opposite to the angle π/2. 
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2. Construction and Operation

2.1. Construction of The Right-Angled Triangle ABC with ∠C=a radian

Figure 1 Construction of the right-angled triangle ABC with a line segment ܤܣ = 1, and ∠C= ܽ
radians

When 0 < ܽ < 1, draw a horizontal line ܥ’ܤ = ܽ unit and construct a perpendicular ܤ’ܣ’. With the 
compass centre at C and opening it equal to 1 unit, draw an arc intersecting A’B’ at A’ so that 
CA’=1 unit. Extend CA’ to A such that segment AB, perpendicular to CB’, meets it at B and equals 
1 unit. Now the right-angled ∆ ABC has cos(C)= ܽ unit, ∠ABC=π/2 and perpendicular segment 
AB=1 unit. 

When ܽ > 1, write the equation (1/ܽ)௫ = 1/ܾ , and construct the right-angled ∆ ABC, 
assuming ܽ as 1/ܽ and following the steps as already explained. 

2.2. Construction of (ࢇ)࢞ = ࢈
For extracting ݔ in the equation ܽ௫ = ܾ, equivalently ݔ = ݈݊(ܾ)/݈݊(ܽ), ܽ and ܾ must be nonzero 
positive real quantities. If ܽ and ܾ both are less than 1, the right-angled triangle for extracting ݔ is 
constructible. If ܽ and ܾ both are more than 1; the equation can be written as (1/ܽ)௫ = 1/ܾ and the 
right-angled triangle for extracting ݔ is constructible. If ܽ < 1 and ܾ > 1, then x will be negative 
from ݈݊(ܾ)/݈݊(ܽ), and the substitution ݔ = −ܺ and ܤ = 1/ܾ transforms the equation to ܽ௑ .ܤ= Similarly, if ܽ > 1 and ܾ < 1. Then the substitution ܣ = 1/ܽ and ܺ = ݔ− transforms the 
equation to ܣ௑ = ܾ. In both cases, the right-angled triangle for extracting ܺ (ݔ−) is constructible.
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Figure 2 Displaying the construction of ܿିݏ݋௡ (ܥ) to ܿݏ݋௡ (ܥ)
Given: Segment lengths ܽ, ܾ, and a unit segment. 
Construction: To express x geometrically using a straightedge and compass as given by the 
equation ܽ௫ = ܾ, where given 0 < ܽ < 1 and both ܽ and ܾ are algebraic numbers and ≠ 0, 1 or ±∞
and ݔ is not rational, the geometric construction in Figure 2 is drawn as follows:

i. Construct ∆ ABC, with base BC,  ∠ABC = π/2, perpendicular segment AB = 1. Let ܿ(ܤܥܣ∠)ݏ݋ = ܽ or simply ܿ(ܥ)ݏ݋ = ܽ as explained in section 2.1.
ii. Construct segment BDଵ ⊥ line AC meeting it at Dଵ. Construct segment DଵDଶ ⊥ line BC 

meeting it at Dଶ. Construct segment DଶDଷ ⊥ line AC meeting it at Dଷ. Continue this 
alternating construction of perpendiculars on lines BC and AC. Let the final segment be D୬ିଵD୬ ⊥ line BC meeting it at D୬. Denote the perpendicular segments BDଵ, DଵDଶ, DଶDଷ,…, D୬ିଵD୬ by pଵ, pଶ, pଷ,… , p୬.

iii. Similarly, construct a segment AEଵ ⊥ line CB (extension of line CB) meeting it at Eଵ.
Construct segment EଵEଶ ⊥ line CA (extension of line CA), meeting it at Eଶ. Continue 
constructing perpendiculars alternately on CB’ and CA’. Let the final segment be E୬ିଵE୬. Denote the perpendicular segment AEଵ, EଵEଶ, EଶEଷ,…, E୬ିଵE୬ by Pଵ, Pଶ, Pଷ, … , P୬.

iv. Let the m଴th perpendicular be such that  p୫బ > b and the (m଴ + 1)th perpendicular 
satisfies p୫బାଵ < b.

v. A new relation emerges: (ܽ)ೝబ೜బ = ௕
௣೘బ or ൬ ௕

௣೘బ൰
೜బೝబ = ܽ, where r଴, q଴ are rational 

quantities such that r଴ < q଴. Lengths of ܾ and ܽ are given and the length of the 
perpendicular p୫బ can be measured by a compass. 

vi. Repeat the construction of Figure 2 using this new triangle ∆ A'B'C' 
with ∠)ݏ݋ܿ (ᇱܤᇱܥᇱܣ = ,(௠బ݌/ܾ) ′ܤ′ܣ = 1, right angle at B'. Apply the same 
perpendicular-dropping procedure to extract the next quotient mଵ.

vii. Let the mଵth perpendicular be such that ݌௠భ > ܽ and the  (݉ଵ + 1)th perpendicular 
satisfies ݌௠భାଵ < ܽ.

viii. This yields a new relation ൬ ௕
௣೘బ൰

ೝభ೜భ = ௔
௣೘భ or ൬ ௔

௣೘భ൰
೜భೝభ = ൬ ௕

௣೘బ൰ where rଵ, qଵ are rational 

quantities such that rଵ < qଵ.
ix. Let the mଶth perpendicular be such that ݌௠మ > ൬ ௕

௣೘బ൰ and the (mଶ + 1)th 

perpendicular satisfies ݌௠మାଵ < ൬ ௕
௣೘మ൰.

x. The process will continue ad infinitum and

ݔ = ݉଴ + 1
݉ଵ + 1

݉ଶ + 1݉ଷ +⋯
where m଴,mଶ,mଷ, . ., are positive integers [8].

If a → 0 or a → 1, then the ∠C → π/2 or ∠C → 0 and it becomes difficult to draw ∆ ABC and 
perpendiculars on base BC and the hypotenuse. In such cases, write the equation ܽ௫ = ܾ as (ܽ)ି௫ = 1/ܾ and locate m଴ so that P୫బାଵ > 1/b > P୫బ. Proceed as explained in steps v to x.

2.3. Proof 
In ∆ ABDଵ, ∠ABDଵ = ∠C, line segment AB = 1, therefore, line segment BDଵ = cos(C). In 
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∆BDଵDଶ, ∠BDଵDଶ = ∠C, therefore, line segment ܦଵܦଶ = (ܥ)ݏ݋ଵܿܦܤ = ଶݏ݋ܿ .(ܥ) Similarly, line 
segment ܦଶܦଷ = ଷݏ݋ܿ ,(ܥ) line segment ܦଷܦସ = ସݏ݋ܿ ,(ܥ) . ., line segment ܦ௡ିଵܦ௡ = ௡ݏ݋ܿ .(ܥ)
In the same way, line segment ܧܣଵ = ,(ܥ)ଵିݏ݋ܿ line segment ܧଵܧଶ = ଶିݏ݋ܿ ,(ܥ) line segment ܧଶܦଷ = ଷିݏ݋ܿ ,(ܥ) . ., line segment ܧ௡ିଵܧ௡ = ௡ିݏ݋ܿ .(ܥ)

If we consider cos(C) in our continued fractions, then the length of the first perpendicular  ܦܤଵ pertains to power 1 of cos(C), length of second perpendicular ܦଵܦଶ to power 2 of cos(C), 
length of third perpendicular ܦଶܦଷ to power 3 of cos(C) and in this way, the length of the nth 
perpendicular ܦ௡ିଵܦ௡ to power ݊ of cos(C).

Similarly, if we consider, 1/ܿ(ܥ)ݏ݋ in our continued fractions, then the length of the first 
perpendicular  ܧܣଵ pertains to power 1 of 1/ܿ(ܥ)ݏ݋, length of the second perpendicular ܧଵܧଶ to 
power 2 of 1/cos(C), length of third perpendicular ܧଶܧଷ to power 3 of 1/cos(C) and in this way, 
length of the nth perpendicular ܧ௡ିଵܧ௡ to power ݊ of 1/cos(C).

If 0 < a < 1, then according to the construction ܽ = (ܥ)ݏ݋ܿ otherwise 1/ܽ = .(ܥ)ݏ݋ܿ
When ݌௠బ > ܾ and ݌௠బାଵ < ܾ, then ܾ corresponds to the length between ݌௠బ and ݌௠బାଵ. In other 
words, it is a fraction ݎ଴/ݍ଴ more than ݉଴ where ݎ଴/ݍ଴ < 1 so that ݔ = ݉଴ + ଴ݍ/଴ݎ and 

ܽ௠బା௥బ/௤బ = ܾ and that yields a୰బ/୯బ = b/a୫బ = b/p୫బ or ൫ܾ/݌௠బ൯௤బ/௣బ = ܽ which is again an 
equation same in structure as ܽ௫ = ܾ.

Figure 2 is reconstructed but with ܿ(ܥ)ݏ݋ = .௠బ݌/ܾ For this equation also, there are 
perpendicular segments such that  ݌௠భ > ܽ and ݌௠భାଵ < ܽ. Now ݍ଴/ݎ଴ = ݉ଵ + ଵݍ/ଵݎ resulting in 

an equation ൫ܽ/݌௠భ൯௤భ/௥భ = .௠బ݌/ܾ The process will continue ad infinitum resulting in continued 
fractions.

2.3 Explanation and Numerical Illustration  
In  ܽ௫ = ܾ, let 0 < ܽ < 1. In geometric language, referring to Figure 2, which shows successive 
perpendiculars in a triangle ABC with a right angle at B and base BC, ܿݏ݋ (ܥ) = ܽ —Which
perpendicular has its length equal to b? If  ݔ is an integer, which is easily identifiable by comparing 
the length ܾ with that perpendicular. If ݔ is not an integer, we can always find ݉଴th and (݉଴ +1)the perpendicular such that the length of the ݔth perpendicular lies between them from the 
inequalities ݌௠బ > ܾ and ݌௠బାଵ < ܾ, where ݌௠బ and ݌௠బାଵ are lengths of ݉଴th and (݉଴ + 1)th 
perpendiculars. Let r଴/q଴ be such that  

(ܽ)௠బା௥బ/௤బ = (ܾ), (2.1)
where ݎ଴/ݍ଴ < 1 and ݎ଴ and ݍ଴ are positive integers and ݔ = ݉଴ + ௥బ௤బ. (2.2)

In Equation (2.1), ݉଴ has already been extracted and ݎ଴/ݍ଴ needs extraction but the 
perpendicular corresponding to  ݎ଴/ݍ଴ < 1 does not correspond to a nonzero perpendicular.  But ݍ଴/ݎ଴ being more than 1 does correspond to a nonzero perpendicular, hence Equation (2,2) is written ݔ = ݉଴ + ଵ೜బೝబ . (2.3)

This highlights the continued fraction form leading to the extraction of ݍ଴/ݎ଴ by rewriting 
Equation (2.1) in exponent ݍ଴/ݎ଴ : 

݂೜బೝబ = ݃,
where ݂ = ,௠బ݌/ܾ ݃ = ܽ, ௠బ݌ = ܽ௠బ and values of b and ܽ are given, thus facilitating the 

construction of a right-angled triangle A’B’C’ with ܿݏ݋൫ܥ’൯ = ݂ = ௠బ݌/ܾ (base ݌௠బ and hypotenuse ܾ). Let ݉ଵth and (݉ଵ + 1)th perpendicular such that the magnitude of the (q଴/r଴)th perpendicular 
lies between them from the inequalities ݌௠భ > ݃ and ݌௠భାଵ < ݃, where ݌௠భ and ݌௠భାଵ are 
lengths of ݉ଵth and (݉ଵ + 1)th perpendiculars. Let rଵ/qଵ be such that  
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(f)୫భା୰భ/୯భ = (g), (2.4)
where ݎଵ/ݍଵ < 1 and ݎଵ and ݍଵ are positive integers. Thus, the value of an integer ݉ଵ is extracted 
and the value of  ݍଵ/ݎଵ > 1 needs extraction. Consequently, the equation (2.4) takes the form 

ݔ = ݉଴ + 1
݉ଵ + ଵݎଵݍ1

.

Proceeding in this manner, ݉ଶ,݉ଷ,… , ௝݉ can be extracted, yielding

ݔ = ݉଴ + 1
݉ଵ + 1

݉ଶ + 1݉ଷ +⋯
,

and the larger the value of j, the more precise the result becomes.

2.3.1 Numerical Illustration
Let the given equation be 2௫ = 5. This can be written (1/2)௫ = (1/5) so that we may construct a 
triangle ABC with base BC, ܤܣ = 1, angle ܤ = 2/ߨ and ܿ(ܥ)ݏ݋ = 1/2. From geometry, ݔ lies 
between the 2nd and the third perpendicular, and that makes ݉଴ = 2 and (1/2)ଶା௥బ/௤బ = 1/5 or

ݔ = 2 + ଴ݍ଴ݎ = 2 + ଴ݎ଴ݍ1
,

since ݎ଴/ݍ଴ < 1 and does not correspond to any perpendicular 1, 2, 3,…That needs the extraction of ݍ଴/ݎ଴ > 1 and writing (1/2)ଶା௥బ/௤బ = 5 in terms of the exponent of ݎ଴/ݍ଴ : 

൬ ଶ൰݌15
௤బ௥బ = 12 ,

where the magnitude of ݌ଶ is known from the construction. From the comparison of lengths of 
perpendiculars, it is found that ½ lies between the 3rd and 4th perpendiculars in the triangle with ܿݏ݋൫ܥ’൯ = ଶ݌1/5 and that extracts ݉ଵ = 3. That yields 

ݔ = 2 + 1
3 + ଵݎଵݍ1

,

leading to the equation (1/5݌ଶ)ଷା௥భ/ ௤భ = 1/2 or 

ቆ 1
’ଷ݌2 ቇ

௤భ/௥భ = ଶ݌15 ,
where ݌ଷ’ is the magnitude of the third perpendicular. From the comparison of lengths of 
perpendiculars, it is found that 1/5݌ଶ lies between the 9th and 10th perpendiculars in the triangle 
with ܿݏ݋൫ܥ‘’൯ = ଶ݌1/5 and that extracts ݉ଶ = 9. That yields

ݔ = 2 + 1
3 + 1

9 + ଶݎଶݍ1

.
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Stopping at the third stage and neglecting ݎଶ/ݍଶ ݔ , calculates as 2.321428571 whereas the 
actual x is 2.321928095 within .021 percent. That demonstrates the validity of the method. 

2.4. Computation and Construction of ࢞ࢋ = ࢈ by Geometric Construction 

2.4.1. Computation and Construction of Euler Number ࢋ
Euler number is transcendental and not constructible by using a straight edge and compass. 
However, it can be approximated geometrically using the formula e equals, limit ݊ → ∞,(1 + 1/݊)௡ or n → ∞, ݁ = {݊/(1 + ݊)}ି௡. Set ܿ(ܥ)ݏ݋ = ݊/(݊ + 1) a right-angled triangle ABC 
can be constructed with base ܥܤ = ݊ and hypotenuse ܥܣ = ݊ + 1 with ∠ACB → 0. Although n →∞, is not practically feasible; an approximation can be obtained by choosing n as large as 
permitted by the size of the drawing sheet or the precision of the computing device (if implemented 
in software).

Figure 3 Displaying construction and computation of e

A brief description of the construction is as follows: Referring to Figure 3, construct triangle 
ABC with ܿ(ܤܥܣ∠)ݏ݋ = ݊/(݊ + 1). From A, drop a perpendicular AEଵ to CB extended, meeting it 
at Eଵ. From Eଵ, drop a perpendicular EଵEଶ to CA extended, meeting it at Eଶ. From Eଶ, drop a 
perpendicular EଶEଷ to CB extended, meeting it at Eଷ. Continue this process alternately until the nth 
perpendicular E୬ିଵE୬ from E୬ିଵ meets CB extended at E୬. From similar triangles ܧܤܣ  ,ܥܤܣଵ,ܧଵܧଶܧଷ so on, line segment ܧܣଵ = ,(ܥ)ଵିݏ݋ܿ ଶܧଵܧ = ,(ܥ)ଶିݏ݋ܿ ଷܧଶܧ = ,…,(ܥ)ଷିݏ݋ܿ ௡ܧ௡ିଵܧ ,(ܥ)௡ିݏ݋ܿ= since line segment ܤܣ = 1. Therefore, ௡ܧ௡ିଵܧ = (ܥ)௡ିݏ݋ܿ ≈ {݊/(݊ + 1)}ି௡.
2.4.2. Computation and Construction of ࢞ࢋ = ࢈
The geometric construction and computation of ݁௫ = ܾ follow the same procedure as that for ܽ௫ =ܾ (Sections 2.2 and 2.4), with the following substitutions:

• Replace ܽ by 1/݁,

• Set ܿ(ܤܥܣ∠)ݏ݋ = 1/݁.
Repeating the full details here would duplicate Sections 2.2 and 2.3 in toto and is therefore 

omitted. For the geometric construction and approximation of Euler’s number ݁, refer to Section 
2.4.1 and Figure 3.

3. Comparison With the Euclidean Algorithm

The Research Journal of Mathematics and Technology, Volume 15, Number 1

104



3.1 Euclidean Algorithm 
i. The Euclidean algorithm is a general method applicable to fractions ݍ/ݎ where the 

process of division of ݍ by ݎ is possible and ݍ, ݎ are positive integers.

ii. It divides ݍ by ݎ so that 
௤
௥ = ݉଴ + ௥భ௥ = ݉଴ + ଵೝೝభ . Now ݎଵ divides ݎ so that 

௥
௥భ = ݉ଵ +

௥మ௥భ = ݉ଵ + ଵೝభೝమ , thus
௣
௤ = ݉଴ + ଵ

௠భା భೝభೝమ
. Continuing the process, 

௤
௥ can be written

݉଴ + 1
݉ଵ + 1

݉ଶ + 1݉ଷ +⋯
,

where  ݉଴,݉ଶ,݉ଷ, . ., are positive integers.
iii. The algorithm’s applicability is limited to real rational quantities and polynomials. It can 

be made applicable to other functions when written in polynomials or in numerical 
values. 

3.2 Geometric Method
i. The geometric method is a special method for continued fraction for obtaining the 

continued fraction of ݔ in the equation ܽ௫ = ܾ or equivalently ݔ = ݈݊(ܾ)/݈݊(ܽ).
ii. It uses the theory that in a right-angled ∆ ABC with base BC, ∠ܥܤܣ = ,2/ߨ

perpendicular segment AB=1  if from point B, a perpendicular ܦܤଵ is drawn on line AC, ܦଵܦଶ on BC, ܦଶܦଷ on AC, then ܦܤଵ = ଶܦଵܦ,(ܥ)ݏ݋ܿ = ,(ܥ)ଶݏ݋ܿ ଷܦଶܦ ,(ܥ)ଶݏ݋ܿ= . . , ௡ܦ௡ିଵܦ = .(ܥ)௡ݏ݋ܿ Thus, a perpendicular segment denotes to a specific 
value of ݇ in ܿݏ݋௞(ܥ).The given value of ܾ can then be found to exist between two 
perpendicular say ݉଴ and ݉଴ + 1 where ܾ = ݉଴ + .଴ݍ/଴ݎ

iii. Thus ܾ which is a fraction with integer ݉଴ (quotient) and as ݎ଴/ݍ଴ remainder. It is 
tantamount to the division of the numerator by the denominator (of b).

iv. Quotient (݉ଵ) and reminder (ݎଵ/ݍଵ) of fraction ݍ଴/ݎ଴ are extracted geometrically by 
constructing a right-angled triangle with an angle ∠ܥ corresponding to ܿ(ܥ)ݏ݋ .௠బ݌/ܾ= The process is continued.

v. The geometric method is the same in spirit as the Euclidean algorithm, with the 
difference that it involves exponents and the division takes place geometrically rather 
than symbolically.

4. Nature of ࢞ in ࢞ࢇ = ࢈ and ࢞ࢋ = ࢈
Lemma 4.1: (Classical corollary of the Gelfond–Schneider theorem): If ݔ in ܽ௫ = ܾ or equivalently ݔ = ݈݊(ܾ)/݈݊(ܽ), is not rational, and ܽ > 0 and ܾ > 0 are algebraic with  ܽ ≠ 1, and ܾ ≠ 1. Then
x is transcendental. 

Proof: The following proof is a direct application of the classical Gelfond–Schneider theorem 
(proved independently by A. O. Gelfond in 1934 and T. Schneider in 1935 [4]. If ݔ is not rational,
then there are two remaining possibilities, either ݔ is algebraic, irrational, or transcendental. 
Case 1: x is algebraic irrational.

By the Gelfond–Schneider theorem, if ܽ is algebraic with a ≠ 0, 1 and ݔ is algebraic 
irrational, then ܽ௫ is transcendental [4]. But we are given that ܾ is algebraic, so ܽ௫ = ܾ cannot be 
transcendental. This contradiction shows ݔ cannot be algebraically irrational.

Also ݔ is not rational according to the given condition. Therefore, ݔ must be transcendental. 
This proves lemma 4.1.
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Clarifying remark
The status of results obtained from general operations (addition, subtraction, multiplication, 

division) on two different transcendental numbers cannot be uniformly determined. However, the 
imposition of specific conditions that ݔ in ܽ௫ = ܾ is not rational, and ܽ > 0 and ܾ > 0 are algebraic 
with  ܽ ≠ 1, and ܾ ≠ 1 makes x transcendental as a corollary of Gelfond–Schneider theorem [4]. 

Lemma 4.2: Using an unmarked straightedge and compass, let ∆ ABC be a right triangle 
with ܥܤܣ∠ = ,2/ߨ base BC, and perpendicular AB = 1. From point B , drop a perpendicular ଵܦܤ
to hypotenuse AC meeting it at ଵ. Then, fromܦ ଶܦଵܦ ଵ, drop a perpendicularܦ to BC meeting it 
at ଶܦ ; from ଷܦଶܦ ଶ, drop a perpendicularܦ to AC meeting it at  ଷ; and continue this processܦ
alternately. Then, for any integers ݊ > ݉ > 3 and ݌ > ݍ > 3, the ratio of two transcendental 
logarithms satisfies

݈݊ ቀ ௠ିଷቁܦ௠ିଵܦ௡ିଷܦ௡ିଵܦ
݈݊ ൬ܦ௣ିଵܦ௣ିଷܦ௤ିଵܦ௤ିଷ൰

= ݊ ݌݉− − ݍ ,

Proof: Referring to Figure 2, the segment lengths on the hypotenuse AC are given by:

௡ିଷܦ௡ିଵܦ = (ܥ)݊݅ݏ௡ିଷܦ௡ିଶܦ = ,(ܥ)௡ିଶݏ݋ܿ(ܥ)݊݅ݏ
௡ିଷܦ௠ିଵܦ = (ܥ)݊݅ݏ௠ିଷܦ௠ିଶܦ = ,(ܥ)௠ିଶݏ݋ܿ(ܥ)݊݅ݏ

Thus,

஽೙షభ஽೙షయ஽೘షభ஽೙షయ = ,(ܥ)௡ି௠ݏ݋ܿ
Taking the natural logarithm yields:

݊ −݉ = ଵ
௟௡(௖௢௦ ஼) ݈݊ ቀ஽೙షభ஽೙షయ஽೘షభ஽೙షయቁ. (4.1)          

݌ − ݍ = ଵ
௟௡(௖௢௦ ஼) ݈݊ ቀ஽೛షభ஽೛షయ஽೘షభ஽೙షయቁ. (4.2)

Dividing (4.1) by (4.2), we obtain 

௡ି௠
௣ି௤ = ௟௡ቀ ವ೙షభವ೙షయವ೘షభವ೘షయቁ

௟௡൬ವ೛షభವ೛షయವ೜షభವ೜షయ൰
, (4.3)

although the numerator and denominator of the right-hand side of Equation (4.3) are both 
transcendental. That proves Lemma 4.2.

Remark: By Lemma 4.1, when ݔ = ݈݊(ܾ)/݈݊(ܽ), is not rational, and a > 0 and b > 0 are algebraic 
with  a ≠ 1, and b ≠ 1, then ݔ is transcendental. However, in the present construction, the bases are 
geometrically related via ܽ = ܾ௞ for some integer ݇ , due to the uniform scaling by ܿݏ݋ .ܥ This 
structural constraint forces the ratio of two transcendental logarithms to be rational — a non-trivial 
consequence of the geometry. This rational equality arises purely by construction: the iterative 
perpendicular process imposes algebraic dependence among the bases via uniform scaling by cos 
C, independent of general transcendence theory.
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Lemma 4.3 (Classical corollary of the Lindemann–Weierstrass theorem): If algebraic ܾ > 0 is a 
real algebraic number with ܾ ≠ 1, then ݔ in ݁௫ = ܾ, is transcendental. 
Proof: 
The following proof is a direct application of the classical Lindemann–Weierstrass theorem (proved 
by F. Lindemann in 1882 and generalised by K. Weierstrass in 1885): If α is a non-zero algebraic 
number, then ݁ఈ is transcendental.

Suppose ݔ is rational, then ܾ = ݁௫ is transcendental, contradicting to the given statement 
that b is algebraic. Thus, x can not be rational.

Suppose x is algebraic, since x is a non-zero algebraic number, e୶is transcendental (by the 
Lindemann–Weierstrass theorem), again contradicting that ܾ is algebraic. Thus, ݔ cannot be 
algebraic. The only remaining possibility is that ݔ is transcendental. This proves Lemma 4.3.

5. Convergence and the Rate of Convergence
It is proved in Section 3 that the continued fraction generated by the geometric method is the 
standard simple continued fraction of the transcendental number x = logୟb. Since ݔ is irrational 
(in fact, transcendental by Lemma 4.1), classical theory guarantees that:

i. The value of the continued fraction generated by the extracted quotients converges to x. 
(see [6]).

ii. The error after ݊ steps is less than 1/k୬ଶ , where k୬ is the denominator (see [6]).
iii. The denominators grow at least exponentially with ݊ , ensuring rapid convergence (see 

[6]).
These are well-known properties of continued fractions for any irrational number. The 

novelty of this work lies not in discovering new convergence behaviour, but in constructing the 
partial quotients geometrically — using only compass and straightedge within a single right 
triangle. Where the Euclidean algorithm divides numbers symbolically, this method divides 
exponential scales geometrically, achieving the same mathematical outcome through pure 
construction.

6. Results and conclusions
The exponentiation of a real quantity a when 0 < ܽ < 1 i.e. ܽ௫, for −∞ < ݔ < +∞ can be 
expressed geometrically in the form of cos୶(C) using a straightedge and a compass. Construct a 
right-angled ∆ ABC, with base BC, ∠ABC = π/2, and perpendicular line segment AB=1. Let cos(ACB) = a. Successive perpendiculars are drawn on base BC and hypotenuse AC. Denote BDଵ, DଵDଶ, DଶDଷ, . ., as first, second, third perpendicular... with lengths pଵ, pଶ, pଷ, …, then ܿݏ݋௫(ܥ) = ܽ௫ = .௫݌

If ݔ is not an integer, suppose it lies between ݉଴, and ݉଴ + 1 where m଴ is an integer. This 
can be detected when the magnitude of  ܾ in the equation ܽ௫ = ܾ satisfies  p୫బ < b < p୫బାଵ. This 
identifies m଴. Now consider ݔ = ݉଴ + ,଴ݍ/଴ݎ where the fraction r଴/q଴ < 1. Then a୫బା୰బ/୯బ=b or

(௠బܽ௥బ/௤బ݌) = ܾ
or

൫ܾ/݌௠బ൯௤బ/௥బ = ܽ.
This equation is analogous to  ܽ௫ = ܾ. The integer  ݉ଵ in the equation  ݍ଴/ݎ଴ = ݉ଵ + ଵݍ/ଵݎ

can be found using the same process as for m଴. Similarly, ݉ଶ,݉ଷ,݉ସ can be extracted, resulting in 
transcendental
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ݔ = ݉଴ + 1
݉ଵ + 1

݉ଶ + 1݉ଷ + ⋯
,

where m଴,mଵ,mଶ, .. are positive integers including zero. This continued fraction is infinite 
and non-terminating [8]. Therefore, the value of the transcendental ݔ can only be approximated by 
truncating the fraction at a finite number of terms, according to the desired precision. Thus, the 
geometric construction extracts the terms of the continued fraction and approximates the 
transcendental value but fails to yield its exact value. Like all other methods, it is a method of 
approximation.

We demonstrate how approximation is done in [S1]. In summary, for determining x by 
continued fraction, both a and b are assumed to satisfy 0 < ܽ < 1 and 0 < ܾ < 1. The interactive 

figure displays the values of ݉଴,݉ଵ and ݉ଶ for the continued fraction ݔ = ݉଴ + ଵ
௠భା భ೘మା...

, 

where ݔ = ௟௡(௕)
௟௡(௔). Writing ݔ଴ = ݉଴, ଵݔ = ݉଴ + ଵ

௠భ,  ݔଶ = ݉଴ + ଵ
௠భା భ೘మ

, and letting ݇଴ = 1 the 

denominator of ݔ଴, ݇ଵ = ݉ଵ the denominator of ݔଵ, and ݇ଶ = ݉ଵ݉ଶ + 1 the denominator of ݔଶ
and actual ݔ = ௟௡(௕)

௟௡(௔), it can be observed numerically from the interactive figure, in agreement with 

the known bounds for continued fractions, that |ݔ − |଴ݔ < ଵ
௞బమ, ݔ| − |ଵݔ < ଵ

௞భమ and |ݔ − |ଶݔ < ଵ
௞మమ. It 

can further be observed that ݇௡ grows exponentially with ݊, ensuring rapid convergence of the 
continued-fraction approximation.

The interactive file not only provides continued fractions approximations for a୶ = b
(equivalently x = ln(b)/ln(a), but also stimulates curiosity and a sense of wonder, showing how 
calculations that normally require logarithmic tables or calculators can be performed geometrically 
using right-angled triangles and perpendiculars. Observing this simple yet revealing method 
encourages one to explore whether the same approach can be applied to other problems, thereby 
planting the seed for further investigation and research.

7. Supplementary Electronic Material 
[S1] An interactive HTML file.
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