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Foreword
We hope that you, as friends and colleagues, your families, and your loved ones are all in
good health and good spirits.

The Research Journal of Mathematics and Technology (RIMT) is a printed forum for the
publication of selected papers from the Electronic Journal of Mathematics and Technology
(eJMT: http://ejmt.mathandtech.org/). One of eJMT’s goals is to publish peer-reviewed
papers demonstrating how “technology” can be utilized to make mathematics and its
applications fun (F), accessible (A), challenging (C) and theoretical (T).

This special issue contains papers from five selected papers from the Scopus-indexed
Electronic Proceedings of ATCM 2023, which was held in Pattaya, Thailand. As you read
these five papers you will see discussions of different areas of mathematics using various
technologies. We hope these innovative ways of exploring mathematics will be beneficial to
you and your students. As you do so, we encourage you to write about your experiences for
future issues of eJMT. Instructions for preparing and submitting papers to eJMT can be found
online at https://ejmt.mathandtech.org/SubmissionGuidelines.html.

As this edition of RIMT is being prepared, the 291" ATCM (Asian Technology Conference in
Mathematics: https://atcm.mathandtech.org/) is going to be held in hybrid format from
December 8-11, 2024, which is to be in Yogyakarta, Indonesia. Thank you all for your
continued support of eJMT, RIMT, and ATCM.

Mirostaw Majewski Wei-Ch Yang
Guest Editor Editor-in-chief


https://atcm.mathandtech.org/
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Uniform Convergence on Iterations generated
by Special Convex Combinations of Parametric
Equations

Wei-Chi YANG
wyang@Qradford.edu
Department of Mathematics
and Statistics
Radford University
Radford, VA 24142
USA

Abstract

This is an expansion and modification of the paper from [6]. We discuss the conver-
gence of locus in the paper [3], which originated from a practice problem for the Chinese
college entrance exam. Next, we extended some results in [6] from 2D to 3D. We are
interested in the limit of a recursive sequence of loci that is built on a special conver com-
bination of vectors involving curves or surfaces. We shall see many interesting graphs of
uniform convergence of sequences generated by parametric curves and surfaces, which we
hope to inspire many applications in computer graphics, and other related disciplines.

1 Introduction and Motivation

In [5], the problem is to find the locus that is determined by two fixed vectors using bisection
theorem. In this paper, we discuss the proposed question of what will happen when we iterate
the locus sequentially, and would like to find the limit of such locus. In short, we shall see a
continuous deformation of an initial shape into a target shape, which is an interesting subject
in computer graphics. We shall see the limit of a recursive sequence of convex combinations of
vectors that involve curves or surfaces.

Original College Entrance Practice Problem: Given a unit circle centered at (0,0)
and a fixed point at A = (2,0). Let @ be a moving point on the unit circle C. Find the locus
M which is the intersection between the angle bisector QOA and line segment QA.

It is an easy exercise to verify that the locus of point M is a circle, which we leave as
an exercise for the readers. Moreover, it is natural to imagine when DGS and CAS tools are
available for students in a classroom as a project to explore, they may quickly pose ‘what if’
scenarios. We briefly state the following Exploratory Activity has been discussed in [4] and [5].
We then extend it to what we will focus on in this paper.
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Exploratory Activity ([4] and [5]): Given an ellipse C: [z(t), y(t)] = [acos(t), bsin(t)],t €
[0,27], and a fixed point A = (p,q) ¢ C. Let ) be a moving point on the ellipse (shown in

green in Figure 1). Find the locus of the point M which is the intersection between the bisector
QOA and line segment QA.

Figure 1. Locus, bisection and an ellipse

We derived that
o — 0OA —

OA + OQOA OA+OQOQ’ 1)

where OQ = HOQH = Va2cos?t + b2sin’t and OA = HOAH = /p?+ ¢%. We see that

the parametric equation for the locus M (t) can be plotted directly from Eq. . see the red
curve in Figure 1 above) with the help of a computational tool. It should cause no confusion

— —_—
throughout the paper that when ¢ € [0,27], we often use OM to denote the vector OM (1),
OQ stands for the magnitude of

—
OM =

—_—
‘OQ (t) H when @ (t) is a parametric curve, and OA stands for
the magnitude of HO—A‘ if A is simply a point.

It is natural to extend our exploration and ask what would happen to the plot of

——— | r,a(t) | 0Qn = 0OA —
OMn+1 - |: yn+1(t) :| - OA—FOQnOA_‘_—OA—FOQnOQm (2)

— —_—

when n — oo, where 0OQ,, = OM,,,0Q, = OM, \/xn 2+ y,(t)2,n € ZT, and OA =
\/P? + ¢%. Consequently, consider the following extension with extra Welghts of coefficients r
and s as follows: We therefore, consider the following scenario with extra weights of coefficients
r and s as follows:

Theorem 1 Given a non-zero closed curve C: [x(t),y(t)], and a non-zero fized poznt A=
—_—
(p,q) ¢ C. Let Q be a moving point on C. For r;s > 0, and OM; = __=0Q__54 +

7-0A+5-0Q
&O—Q ; ite the B
70415000 if we write the Eq. as

M. — 1 ( _ y |
“ m |: y”+1(t) :| T’OA—I—SOQTL +TOA+SOQn0Qn (3)

—
Then OM, 1 converges for some t € [0,2w] when n — oo if and only if either OQ, =

Va2 (t) +y2 () + 22 (t) — 0 or OM,, (t) — OA for some t € [0,27] when n — oc.
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. . s _—
Proof: First, if OM,, converges for some ¢ € [0,27] when n — oo, then M, M, =

OM, 11 — OM,, — 0 for some ¢ € [0,27] when n — oco. Moreover, since

MM, = OM,., —OM,
= T.OZ'SSQ?OQ,@@+r-oz}OﬁOQnO—m_O—M’l
= r.oz'fgfloczn(ﬁ”m(r.OIl#OﬁOQn_1)
T OZfsQ.nOQnO—/H oM, (r : O_jﬁ%%) '
- r.oi'fgfbgn ((74—()_%). 4)

Hence, OM,, 11 = [ inﬂég } converges for some ¢ € [0, 2] if either 0Q,, = /22 (t) + y2 (1) + 22 (t) —
n+1

—) H . . .
0 or OM,, (t) — OA for some t € [0,27] when n — oo. The other direction is clear. g
We describe a special convex combination of vectors in the vector space R™ below.

Definition 2 Given a finite number of vectors vy, vs, ... v, n R" a conical combination of
these vectors is vector of the form

QU1 + QU + ...QL Uy,

where a; > 0,7 =1,2,..n. A set of conical combination of vectors is called a convex combi-
nation [2] if in addition the coefficient satisfying the following condition

n
ZOQ; =1.
=1

In this paper, we shall discuss a special weighted convex combination of vectors that involve
a recursive sequence. For example, if

— T (1) Qy Qi
OM, .1 (t) = el =+ —
H() |:yn+1(t):| Oél+042+0431 a1+a2+a32
as S
OM, (), (5)

a1+ o + g

then aq, s and a3 are positive real numbers. Using the scaling techniques, without loss of
generality, we assume «, ae and ag are real numbers in (0,1). We shall see in later proofs that
e

the coefficient «j is irrelevant to the convergence of lim,, o, OM, 1 (1).

2 2D iterations

2.1 One curve and one fixed vector

For the rest of the paper, we assume the fixed point A is not on the original curve C'. In view
of the Theorem , we further extend the knowledge of uniform convergence of sequences of
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functions, which students learn in Advanced Calculus. We begin with the domain D = |0, 27],
and {M, : D — R?} being a sequence of functions, and note that since the metric space R? is
complete, which means that every uniformly Cauchy sequence M, is convergent. We consider
the following:

Definition 3 Suppose D = [0,2n], and {M,, : D — R?} is a sequence of functions. If we
write M, (t) = [2,(t),yn(t)], with t € [0,2n], {M, (t)) is said to converge uniformly to
M*(t) = [p(t),q(t)] if Ve > 0, 3 a positive integer N = N(e) (i.e. N depends only on € in this
case) such that the Euclidean distance between two points, M, (t) and M*(t), || M, (t) — M*(t)||
or || M, (t) M*(t)||, is arbitrarily small:

My (t) = ME@)|| = (1M, () M*(8)]] = \/(ftn(t) = p(t)* + (ya(t) — a(t))* < e

Similarly, the sequence { M, (1)) is said to converge uniformly to a point A = (p,q) if Ve > 0,
3 a positive integer N = N (€) such that || M, (t) A|| is arbitrarily small. In other words,

M, (1) Al =/ rn(t) = )* + (9a(t) — 0)* < e

for alln > N and all t € [0,27]. Intuitively, there exists a positive integer N, such that the
parametric curves M, (t) will shrink to the point A for allm > N and all t € [0,27] .

Definition 4 Suppose D = [0, 27|, and {M,, : D — R?} is a sequence of functions. If we write
M, (t) = [xn(t), yn(t)], with t € [0,27], {M, (t)) is said to be uniformly Cauchy if for every
e > 0, there exists a positive integer N such that the inequality

[ My, (1) Mo (D) < €

holds whenever m > N, n > N, and for allt € D. We take it for granted in this paper that the
sequence { M, : D — R?} converges uniformly to another M on D if and only if, the sequence
{M,) is uniformly Cauchy.

Remarks:

1. We remark that definitions in and in can be extended to R™.

2. We remind readers to distinguish the difference between uniform convergence versus point-
wise convergence.

MlA_A_B_AB_OA_k()
MiQo ~ OB ~— MB ~ 0Q _ "M\“p

where the convergence in the case of (2)) is a homothety (see [3]). We may denote the

following:
M, A OA
g ) (“ OMn_l) ’ ©)

where n = 1,2, ..., and My = @), which is a point on the given curve C.

3. Recall our original bisection problem 1) is such that
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4. On one hand, we usually prove how a sequence of parametric curves {M,, (t)}, -, converge
uniformly directly in this paper. On the other hand, we note that {M,, (¢)} is a sequence
from D = [0,27] to R?, and since R? is a complete metric space, if one can show that
{M,, (t)} is a uniformly Cauchy sequence, then { M, (¢)} is uniformly convergent. Instead
of proving that {M, ()} is a uniformly Cauchy sequence theoretically in this paper,
with the help of a CAS, we often demonstrate that the graph of square distance function
Fult) = sup (M, (£) — Moy (D]])? or gut) = sup (| M, (£) — Al)?, forall £ € D = [0, 2],
is decreasing to 0 uniformly, and use such observation to conjecture that {M,, (t)}
converges uniformly.

The next observation is natural:

Theorem 5 Let C be a given simple closed curve [xo(t),yo(t)], A = (p1,q1) ¢ C. Forr,s €
(0,1) and r # s, we let

ml(t) s-0Q ~ r-OA —
My = = A
X ' |:y1(t>:| TOA+SOQ +TOA+SOQOQ7
where Q is a moving point on C. Now for n € Z*, we consider
Tna () 5:0Qn 5 rrOA  ——
M. .. = nt1( _ vl
“ o |: yn+1(t) :| TOA"‘SOQ,LO +7“OA+SOQHOQTH (7)

—_ —

where @ is a moving point on (x,(t),y,(t)), and OQ, (t) = OM,, (t). Then OM,(t) — OA
-

uniformly asn — oo for allt € [0, 27], M,,_1(t)M,(t) converges uniformly to 0 for allt € [0, 27].
Consequently, {M, (t)} -, converges to A uniformly.

Proof: First, if r = s and r,s € (0,1), we refer to Theorem for discussion. Now, for
r,s € (0,1) and r # s,

— | () | 5-0Q — r-OA —
OMl_[yl(t)]_r-OA—l—s-OQO +7“-OA+S-OQOQ’
we first observe that M, = Q,, = (z,(t),y.(t)) for n > 1, and
— xo(t) | 5-0Q, — r-0OA xl(t)}
OM, = [y2<t):|_T'OA+S'OQ10A+T-OA+S-OQ1[yl(t)
s-00Q4 — r-0OA s-0Q — r-OA —
T OA+s 00,0 T oA Ts 00, (T-OA+5-0Q At T oaTs-00Y )
- 5 (2001001 (01)00) - (00) (000
B (r-OA+s5-0Q) (r-OA+s-0Q)

— 7"2-(014)2
o ((r-OA—i—s-OQl)(r-OA—l—S-OQ)) ‘

By induction, we see
o - OA (r-OA+s5-0Q,) - (r-OA+s-0Q1)(r-OA+s-0Q)—1r"-(OA)"
m (r-OA+s-0Qy,) - (r-OA+s-0Q;) (r-OA+s-0Q)

— - (OA)"
FOG ((T-OA+S'OQn)-"(T-OA+S-OQ1)(T'OA+S-OQ)) (®)
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Since 0 < r < 1,

r" - (OA)"
(r-OA+5-0Q,) - (r-OA+5-0Q,) (r-OA+s-0Q)

— 0.

_ — —_— — —_—
Furthermore, since OM,,.1 = aOA + bOQ,,, where a and b are coefficients of OA and OQ,
—_— —

respectively as seen in Eq. with a,b € (0,1) and a+b = 1, this implies that OM,,,1(t) — OA
asn — oo for all ¢ € [0,27]. Since three points, M,,_1(t), M, (t) and A are collinear, and M,,(t) is

-
in the interior of M,,_(t) and A, we see M,,_1(t) M, (t) converges uniformly to 0 for all ¢ € [0, 27],
_—

which can be shown that M, () is uniformly Cauchy, and hence {M, (t)} -, converges to A
uniformly. g

We remark that the uniform convergence of {M,,(t)} -, to the point A does not depend on
the curve C.

Example 6 We consider the curve C' of [acos(t),bsint], A = (p1,q1) ¢ C, For the convex
combination of r and s, we let

[xl(t)}_ s-0Q [pll_i_ r-OA {xdt)}j

y1(t) r-OA+s-0Q | @1 r-OA+s-0Q | yolt)
and 0 00 oA
—— T t S - — T —
Myg=| "0 = . A o
OMan {ynﬂ(t)] r-OA+s-0Q, +r-OA—|—s-OQnOQ
If we choose a = 5,b = 4, and convex combination forr =%, s = 2, A = (3,2), then {M, (t)},~,

converges to A uniformly. (See Figure 2)

05

0

o 1 2 3

Figure 2. Uniform converges
to a point.

Exercises: (1) If we use 7 = s in Example (6]), then we leave it to the readers to verify
that g,(t) = (|| M, (t) — AJ|)*> does not converge uniformly to 0. In fact, the maximum value
of g,(t) is the distance (OA)* at some ¢ € (0,27). (2) If we replace C' by [asint, bsint cost],
a=5b=4r= %, s = %, A = (3,2) in Example @, then we may conjecture that {M, (t)} -,
does not converge to A uniformly by observing the graph of f,(t) = || M, (t) — M,_1 (t)|| does
not converge uniformly to 0.
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2.2 One curve and two fixed vectors

We consider convex combinations of three vectors below: Let C' be a given closed curve
[zo(t),v0(t)], A = (p1,q1) and B = (p2,q2) be two distinct points not lying on C. If @ is a
moving point on C, and ry, r9, and r3 are real numbers in (0,1). For n € Z* U {0}, we consider

T (t) - OQn e Tro - OA —
M, = ot = A B
0 +1 l ynJrl(t) :| Tlan +’I“QOA +T30BO * TlOQn +TQOA+T30BO
Ts - OB e
M,
+T10Qn + T'QOA + TgOBO

where My (t) = Q(t) € C, and M,(t) = Q, (t) is a moving point on (x,(t),y.(t)). We are
—5
interested in lim,, ..o OM, 1.

2.3 Generating sequence of shrinking curves due to convex combi-
nations

Since the plot of the sequence OM,, . in @), where 71,19, and r3 are distinct real numbers in
— e

(0,1), is a convex combinations of vectors O—zzl, OB and OM,,, the plot of [z,1(t), yns1(t)] is
generated by the following steps:

1. Connect three points of M,, = (x,(t),y.(t)), A and B to form the triangle AM, AB.

2. We view the point M, as the convex combination of three points A, B and M,,_;, for
n € Z*, where My = @, which is a point on the curve C. Since 71,72, and r3 € (0,1), the
point M, (t) belongs to the interior of the triangle AM, 1 AB for each t € [0,27], and
n € 7%, see [2].

3. We shall see later in the proof of the Theorem that the coefficient r3 will not affect
—
the final plot of OM, when n — oo.

—— — —
4. The convergence of OM,, will only depend on OA and OB, and will not depend on the
curve C'.

Example 7 We use closed curve C' to be [asinu,bsinucosu], a = 5,b =4, A= (3,4),B =
(2,5), 11 = 3,72 = 3, and 3 = ¢ for demonstrating how [x2(t),y2(t)] is generated from
[x1(t),y1(t)]. The graphs of [x1(t),y1(t)] and [x2(t),y2(t)] can be seen in black and purple re-

spectively in Figure 3 (d) respectively.

=

—~

e Figure 3(a) shows when ¢ = 0,the plot of [z5(t), y2(t)] has not been generated yet.

e Figure 3(b) shows when ¢ € [0,0.9106] , the plot of [z4(t), y2(t)] is being generated in this
interval and will be in the interior of AM;AB for each corresponding t.

e Figure 3(c) shows when ¢ € [0,3.1871], the plot of [z2(t), y2(t)] is being generated in this
interval and will be in the interior of AM; AB for each corresponding ¢, and finally, Figure

Page 7 of 82



The Research Journal of Mathematics and Technology, Volume 13, Number 2

4(d) shows when ¢ € [0, 27], the plot of [z3(t), y2(t)] is smaller than that of [x1(t), y1(t)].

x=0.091061

14 16 18 20 22 24 26 28 30

14 16 18 20 22 24 26 28 30 Figure 3(b),
Figure 3(a), t = 0. t €0,0.9106] .

r=31871

14 16 18 20 22 24 26 28 30

Figure 3(C), ' 14 16 18 20 22 24 26 28 30
t €10,3.1871]. Figure 3(d), t € [0, 27].

Theorem 8 Let C' be a given closed curve [zo(t),yo(t)], A = (p1,q1) and B = (p2,q2) be two
non-zero distinct points not lying on C. If () is a moving point on C, and ry,ry, and r3 are
positive real numbers in (0,1), we let

—— x1(t) r - 0Q — re - OA —
M — =
OM, [ Y1 (1) } r10Q + r,OA + 7"30BO + r10Q + r,0OA + r30B
Ts - OB -
00+ 104 + 0B
We further consider
T (t) e OQn ~ To * OA —
M, , = et = A B
OMria l Yn+1(t) } r10Q,, +1r.0A +rsOB + r10Q, +1r,0OA +rsOB
Ts - OB :L‘n(t)
+T10Qn + TQOA + TgOB |: yn(t) 7 (9)
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where (Qy, is a moving point on (z,(t),y,(t)). Then {M, (t)} ~, converges uniformly to a point
UL N

D, which lies on the line segment AB. Consequently, M, _1(t)M,(t) converges uniformly
to 0 for all t € [0,27]. We remark that the coefficient r3 € (0,1) will not affect the location of
the convergence { M, (t)} 2

n=1"

Proof: First, we observe

N To(t) r1-OQ1 —— re - OA Yz,
OM, = — OA + 0B
2 [ Y2 (1) } r10Q1 + r,OA + r30B r10Q1 + 10A + 1308

r1-O ro-OA
+ r3 - OB r10Q+rle§+T‘3OB OA+ 7“10Q+7“220A+7“3OB OB
TlOQl + TQOA + TSOB +7‘10Q+77"32.85+7‘3030Q

— = s = — 2 2
- o (o) + 08 ([08]) + 00 (- i o 0 )

It follows from induction that
—_— — — — —
oz — (o] + 5 |5

(Tlan + TQOA + TgOB) e (7"10@1 + T’QOA + T‘3OB) (TlOQ + TQOA + TgOB) '

Since 0 < r3 < 1, we see ry (OB)" — 0, and

— — —
OM, 11 — mOA+ (1 —m)OB,

— — — —_—
when n — oo, where m = HOA ,and 1 —m = HOB” Let D = mOA + (1—-m) OB,

—_— —_— — o —
then D € AB, and OM,,,; converges uniformly to OD. Hence OM,, .1 converges uniformly
to OD, where D € AB. In view of the observations from section 1} we see {M,, (t)},

converges uniformly to the point D, which lies on the line segment AB. Moreover, it is clear
that M,_(t)M,(t) = OM,, — OM,,_; converges uniformly to 0 for all ¢ € [0,27], m

. na1 (T
Computationally, we assume [ Tas1 (1) } — F = {S } , then the norm of the vector,

yn+1(t)
H [ inﬂgg } , converges to |[F|| = v/p* + ¢, and we have
nt1

(1 _ TgOB ) |: p :| o 1 ||F|| O—>+ ’I“QOA O—>B
T1 ||F|| + T'QOA + TgOB q a T‘QOA + T‘3OB + 1 ||F|| T’QOA + T’3OB + 1 ||F||
P _ 1 1 || F| O—> N roOA OF
q ( r1||Fl|+r20A ) T20A+T30B+T1||F|| T20A+T303+T1 ||F||
T‘1||F||+T20A+T‘303
r || F| ) — ( roOA ) —
OA + OB
(7”1||F” +7“20A 7”1||F|| +7“20A
= mOA+ (1-m)OB, (10)
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where m = M%. To find the point F), it amounts to solve two equations in ((10)) for two

variables p and ¢ in terms of ¢; however, due to too many parameters that are involved, we are
unable to express the solutions p and ¢ in explicit form. Instead, we do the followings:

1. If 71,79, and r3 are real numbers in (0, 1), we substitute the solutions p and ¢ obtained

into the line equation AB , we get the following equation from Maple after setting
the length of computations to be 20,000 lines:

(g—@)pm+ (@ —9p2—p(@1 — ¢2)
P1— P2

=0

qr1 — Pq1 + Pq2 — qp2 — P1G2 + P21

— — O7
P1 — D2

- q(p1 — p2) — (1 — @2) — P1G2 + P2 —0. (11)
P1— P2

2. Assume p; # py we deduce the numerator of be to the following;:

q(pr —p2) — (1 — @) — P12 + P21 = 0,
q(p1 —p2) — (@1 — @2) — P1G2 + P2a

= 0,
P1— P2
(ql — Qz> P1g2 — P2
—-p — = 0.
P1— D2 P1— D2
On the one hand, we see F' = (p, ¢) lies on the line of
y:<Q1—Q2)x+p1Q2—P2Q1_ (12)
P1— P2 P1— P2

>
On the other hand, we note that the line AB is with the slope }‘ﬁ%gz and passes through
the point (p1, q1) :

y—q = (M) (z —p1)

P1— P2
qd1— Q2
y = QI+( )(fc—pl)
P1— P2
_ <(J1_QZ)x+p1Q2_Q1p2‘ (13)
P1 — P2 pP1 — D2

We see ((12)) coincides with and hence F lie on line segment AB. We remark that when
solving p and ¢ symbolically if r1, 7y and r3 are also considered to be variables, it is not possible
to express using p and ¢ due to too many unknowns when using [I], but numerical computations
do show that the point (p,q) lie on the line segment AB. We use the following Example for
demonstration.
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Example 9 We consider the closed curve Cy with the parametric equation, [xo(t),yo(t)] =
[cosu(a — cos(bu)) + 1,sinu(a — cosbu))], A = (p1,q1), B = (p2,q2), and Q is a moving point
on Cy. We let 1,79, and r3 be three distinct real numbers in (0,1), and

P VA Ty (1) r - 0Qy o ry- OA —
M n+1< — A B
OMnis { Ynt1(t) } 1MOQ, + r0A + rgOBO + 10Q,, + 120A + 130 5
n r3 - OB T, (t)
10Q, +1r:0A +1r30B | yn(t)

If we picka=5,b=4,p1 =3,¢1 =4,po =2,q0 =5, and r; = %,7“2 = %, and r3 = %. Then
we see
lim {M, (t)},2, = (2.60516252, 4.39483748) ,

see Figure 4(a) below for the convergence. In view of , we note that the convergence does not
depend on the value of r3.We also remark that convergence to the point (2.60516252, 4.39483748)

is irrespective to the curve C we pick. For example, if we replace Cy by [a sin u, bsin u cos u| , and

use the same a, b, point A, and point B, we shall get the same convergence for lim,, ... {M,, (t)}.2, =

(2.60516252, 4.39483748) , (see Figure 4(b)). Similarly is true if we replace C5 by [4a cos u (sinu)” cos u, 4a c
see (Figure 4(c)).

4284 4.25

426

424

422

4157
420

0 1 3 3 23 24 25 26

0

23 24 25 26

Figure 4(a). Convergence Figure 4(b). Convergence Figure 4(c). Convergence
for Cl. for 02. for 03.

2.4 Uniform convergence using geometric constructions

In view of the Theorem and observation from section , C is a non-zero closed curve,
A and B are two non-zero distinct fixed points, not lying on C, and M,,(¢) is in the interior
of the triangle of AM,,_, (t) AB for each t € [0,27]. We see the distance between M, (t) =
[z, (1), yn(t)] and M,,_1(t) = [xp—1(t), yn—1(t)] is decreasing and converges to 0 when n — oo,
for all ¢ € [0,27]. In other words, the square distance function

Fat) = (@a(t) = 201 (1) + (Ya(t) = Yo (1))

converges to 0 uniformly. Consequently, we see {M,(t)} , converges to a point lying on the
line segment AB. In other words, if the graphs of f,,(¢) does not converges to 0 uniformly, then

70 _
OM,, 1 does not converge uniformly.
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Suppose we adopt the Example in the section (2.3)), we depict the pair functions { f3(t), f4(t)}
and {f4(t), f5(t)} in the following Figures 5(a) and 5(b) with red and blue colors respectively:

0.0035

0.0030

0.05 0.0020
0.0015
0.0010

0.0005

n 3n T Sk 3n  In  2n
2 4 4 2 T

3 3 in 2= L3
4 4 4 4 4

Figures 5(a) Plots of Figures 5(b) Plots of
{/5(t), fa(t)} - {/a(8), f5(1)}

In view of the plot of f5(¢) (the blue in Figure 5(b)), we can see that if we pick ¢ = 0.0005,
for n > 5, f,(t) — 0 uniformly for all ¢ € [0,27]. In view of the Example @D, the speed of the
uniform convergence of lim,, .. { M, (t)}>2, = (2.60516252, 4.39483748) is rather fast.

n=1

2.5 Iterations on one curve, and two vectors on two respective
curves

Now, we consider the plots of convex combinations of three vectors, one vector is iterated one
curve, and two vectors are on two respective curves.

Theorem 10 Let C' be a given non-zero closed curve [xy(t),yo(t)], D and E be two additional
distinct closed curves of [dy(t),dy(t)] and [e1(t), ea(t)] respectively. Furthermore, we let Q be a
moving point on C. If 1,79, and r3 are real numbers in (0,1), we let

0Q = /zo(t)2+ yo(t)?
OF = +/ei(t)? +62()

oD = \/d1 )2+ da(1)2,

and
— x1(t) r1-0Q —— re - OF P
M, = = E D
O ! |: U1 (t) :| TlOQ + TQOE + 7"3ODO + TlOQ + TQOE + 7’30DO
r3-0OD —
00+ 120E + 150D ¢
In addition, for n € Z*, we consider
— Tt () r1-0Q, — ry-OF —
M, = | Tl E
0 et |: yn+1( ) :| Tlan + T’QOE + 7“30D + TlOQn + TQOE + 7"30D
op malf) (14)
TlOQn + TQOE + 7“30D ( )
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where @Q,, is a moving point on (z,(t),y,(t)), for n = 0,1, ... If {M,(t)} ~, converges, then
{M,, (t)}2, converges uniformly to the curve F(t), which satzsﬁes the solutions and
(@) for t € [0, 27r] Furthermore, the real solutions of the parametric curve is a subset of
limy, oo { M, (t)}.2, . We remark that the coefficient r3 € (0,1) will not affect where { M, (t)}>°
will converge to.

n=1

Remark: Unlike the Theorem (8)), where we make use of a decreasing sequence of closed
convex sets, in this Theorem , we have two moving points on the curves D and F respec-
tively. We may not have a decreasing sequence of closed convex sets, therefore, the assumption
of {M,(t)} 2, being convergent is needed. We shall explore ways of relaxing this condition in
future paper.

Proof: We assume { Tnta (?) } converges to a real solution of [ p(t) ] , where t € [0, 27] .
yn—i—l(t) q (t)
We see

T1\/ P 4 q(t 4 roOF + r;;OD)
\/ +4q

—

E+ OD.

ri\/ P (t) (t)
rA/p )+ q(t)* + r0FE + r;0D ri\/p () + q(t)? +10F 4+ 130D

'p(t)] riy/p (1) +q(t)® +10F
a0 L, p (1) +q ()’ + r,OF + rs0D

riv/p(0+a() e(t)

_ 11/ p(t) +q(t)2+r30E+r0D \ ea(t)
4 roOF dl( )
1 \/p(t)2+q(t)2+'rgOE+TgOD dg(t)

It amounts to find the real solutions for p (¢) and ¢ (¢) from the two equations and
in terms of ¢, when 7, ry, r3 are given.

4] - %; )
(t) +eQ<t> (d1<t>) (16)

do(t
+(] +7“2\/€1 +62

In the next Example, we shall see how the graphs of the square distance functions can be
used as a conjecture if the convergence of {M,, (¢)},”; is uniform. Secondly, we will see how the
real solutions from solving for p (t) and ¢ (t) computationally from the two equations and

can serve as partial solution for the parametric curve F'(t) = [ p(t) } under the uniform

_ q(t)

convergence of lim,, . {M, (t)},_, -
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Example 11 Let C be the given ellipse curve [zo(t),yo(t)] = [acost,bsint], D be the closed
curve of
[d1(t),dy(t)] = [(sin 2t 4 2) cost, (sin 2t + 2) sint],

and E be the closed curve of
[(a — cos(bt) cost + 1, (a — cos(bt) sint] .

Let Q be a moving point on C. We are interested in the plot of lim, ., M, (t), see , when
n — oo.

1. We consider r; = %, ro = %, r3 = %, a = 5,b = 3. In addition, it is also worth noting that

the square distance function

Falt) = (@a(t) = 201 ()" + (Ya(t) = Y1 (1))”

converges to 0 rather quickly in this case. We depict the pair functions { f4(¢), f5(¢)} and
f5(t) in the following Figures 6(a) and 6(b) respectively. Consequently, we may use these
observations to conjecture that the convergence of {M,, ()} 7, is uniform.

0.0012
0.00020

0.0010

0.0008 0.00015

0.0006 1
0.00010
0.0004 4

0-0002 0.00005

x iz iz 3z Iz
[

r 4 2 l

0
n i

x Iz 2«
[ 2 [ [ [

Figure 6(a)”. Plots of :
{f4(t), f5(t)} . Figure 6(b). Plot of f5(¢).

2. If we plot the real solutions of the branch 1, out of four branches when solving two

equations and , it coincides ‘almost’ exactly with that of Mj (t) = [ 5583 } , see
5

Figure 7 below, which we cannot tell them apart. See Supplementary Electronic Material
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Figure 7. Graph of Mj;(t).

Exercise: We invite readers to explore that the plot of the curve lim,_.., M, (t), see (10),
is invariant with the choice of curve C' = [z¢(t), yo(t)]

3 Uniform Convergence of an Iterated Sequence in R?

3.1 The limit of a uniform convergence is of rank one

We should call a point, a curve and a surface in R?® to be of rank 1, rank 2 and rank 3
respectively. We shall discuss how the limit of a uniform convergence of an iterated sequence
that will result in a point, a curve and a surface in R3.

Theorem 12 Let S be a given closed surface [xo(u1,us2), yo(ur, uz), zo (u1,us2)], and the point
A = (p1, q1,wy) s fized and is not on the surface S. Forry and rqy being two distinct real numbers
in (0,1), we let

xl(U/l,U/Q) 7"1 . OQ —_ ’)”2 . OA —_
M, = - - "% OA+-—= """
OMy = | m(u,w) | = 55304+ 55— 5109
Zl(ulau2)

where Q) is a moving point on S, and the locus M is described in (x1(uq, ug), y1(u1, us), 21(u1, us)).
Now forn € Z", we consider

oM ‘;n+15517z2; ry - OQn O_} N To - 0OA in((ZlaZZ;
n+l — n+1\UW1, U2 - n{ W1, W2 P
Zn+1<U17 U2) r10Qn + 1204 O + 104 Zn(ul, U2)

- —
where @, s a moving point on [T, (uy, uz), Yn(u1, us), 2, (u1,us)]. Then OM,(u1,us) — OA as

n — oo uniformly, M, (ui,us) My,_1 (u1,u2) converges uniformly to 0, and {M, (uy,us2)} -,
converges uniformly to the point A for all for all (uy,us) € [0,27] x [0, 27].
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Proof: The convergence of {M, (u1,us)},-, follows directly from the corresponding 2D
Theorem , which we omit here. g

Example 13 Let S be the given closed surface
[0 (1, ug), yo(ur, us), 2zo(u1, ug)] = [5 cos(uy) sin(us), 4 sin(uy) sin(usg), 3 cos(uz)],

and the point A = (1,2,3) be fized. For ry and ry € (0,1), and

xn—&—l(ula u2) ry - OQ N To - OA xn(ula u2)
OMp 1 = yn+1(U1, UZ) = = A+ yn(ulv u2)
Zn+1(u1, 'U,Q) TlOQn + TZOA TlOQn _'_ TQOA Zn<U,]_, U2)

Then { M, (u1,us)} ~ | converges uniformly to the point A.

We depict the convergence for r; = % and ry = %, and the plots of {OMQ, OMs;,OMy, OM5}
and the point A = (1,2, 3) in Figure 8:

Figure 8. 3D convergence to a
point.

It is natural to observe that the uniform convergence of {M, (u,u2)} ~, to the point A will
be invariant when starting with difference surfaces, which we demonstrate this using difference
closed surfaces next.

Example 14 If we replace S to be the closed surface of So = [cos(uq) sin(us), sin(u) cos(us), cos(uz)+

1], and the point A = (1,2,3) be fized. Furthermore, we pick r, = %, and ry = %, we depict the
nested plots of {Ms (u1,us), M3 (u1,us) , My (uy,us), Ms (uy,us)} and the point A = (1,2,3)
below on Figure 9(a) . The plot of M5 (uy,uz) and the point A (shown in red) is depicted in the
Figure 9(b). We also plot the Figure 8 together with Figure 9(a) in Figure 9(c) below, which
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we can see both sequences of closed surfaces converge to the same point A.

Figure 9(a). Sequence of r 2 7 Figure 9(c). Convergences do

surfaces converge to the point  Figure 9(b). The plots of not depend on the original
A M5 (uq,uz) and A. surface C.

Exercise: If we use the same point A, and same coefficients r; = % and ry = %, but use
2 cos(uq ) sin(uq) cos(uq) sin(ug) + 1
the surface S3 of | 2cos(uq)sin(uy)sin(ug)sin(ug) +2 | as expected, we should see another
2 cos(uy) sin(uyq ) cos(ug) — 3
sequence of surfaces converge uniformly to the same point A (shown in red in Figure 10).

Figure 10. Convergence of
53 and A.

3.2 The limit of a uniform convergence is of rank two

Now we consider the locus of two moving vectors and with two fixed vectors in R3.

Theorem 15 Let C be a given closed non-zero surface [xo(u,v), yo(u, v), zo (u,v)], A = (p1, q1,w1), B =
(p2, G2, we) be two distinct points. Let D be the space curve lying on the surface of (x2(u, v), ya(u,v), 2zo(u, v))
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when either uy or uy being kept as a constant. Suppose v = vy, forri,ra, r3 and ry € (0,1), we
let

x1(u,v)
T.l : OQ A 7“2 ° OA —_—
o - 0 OB
1 Zigz,zg r90A + 1308 +r0Q + r,OD * roOA + 1308 + 1,0Q + 1,0D
rs- OB - vy OC .
oD O
+WOA+WOB+HOQ+MOD ““%%+WOA+mOB+ﬁOQ+mOD @

where Q) is a moving point on C, and the locus M, is described in (xq1(u,v),y1(u,v), z1(u,v)).
Now for n € Z*, if

T (u,v)
—
OM, = yn(u7 U)
Zn(u, V)
_ r1 - 0Q, oA N re - OA OF
roOA + rgOB +r0Q, +r,0OD roOA + rsOB + r10Q,, + r,0OD
-OB O—>D( ;
U, U
mOA+mOB+mOQn+mOD o
. O0C Tp—1(u,v)
n— u7 v 9 ].7
m0A+m03+rm@n+m0D Z fmﬁ (17)
_ _
where Q. is a moving point on [, (u,v), yn(u,v), z,(u, v)]. If M, (u,v) converges, then M, (u,v)

|

converges uniformly to a space curve spanned by O—ft —B>, and OD (u,vg), where u € [0, 27].

Proof: The proof is standard which we omit here.
Now we consider a 3D Locus of three moving vectors and one fixed vector as follows, which
we leave the proof to the readers.

3.3 The limit of a uniform convergence is of full rank

Now, we consider a scenario when the limit of a uniform convergence {M,, (u,v)} is another
two variables 3D surface.

Theorem 16 Let C be a given closed non-zero surface [xo(u,v),yo(u,v), 2o (u,v)]. Let D, E
and F be three distinct surfaces of (xo(u,v), ya(u,v), 22(u,v)), (x3(u,v),ys(u,v), z3(u,v)), and
(x4(u,v),ys(u,v), z4(u,v)) respectively. For ri,ro, 3 and r4 € (0,1), we let

1‘1(“»”) r-0Q -
OM, = , = OF (u,
L 2855 OF 1 1:0E 71,00 11,00 F (w0
OF —_—
E
mOF+mOE+mOQ+mODO (v, 0)
+ OF OD (u,v)
U, vV
’I"QOF —|— TgOE + TlOQ + 7"4OD
D —
-0 o0,
’I“QOF + TgOE + TlOQ + T4OD
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where Q) is a moving point on C, and the locus M, is described in (xq1(u,v),y1(u,v), z1(u,v)).
Now forn € Z+, if

xn(u,v)
OM, = Yn(u,v)
Zn(u, v)
ry - 00, ., ry- OF .,
- OF OF
O0F 1ra0E 00 3,00 F W+ o 0BT oo, s rop  F ()
rs - OF S
0D
T ROF 1 10E + 10G, + o " )
re-OD Zn-1(u, v)
+ n—1\U, VU )
1OF + 130E + 10Q, + r,0D Znigu U;

——
where @, is a moving point on [x,(u,v),yn(u,v), z,(u,v)], and if M, (u,v) converges, then
_

M, (u,v) converges uniformly to the surface that is generated by OD (u,v), OF (u,v) and OF (u,v),
where u € (0,27, and v € [0, 7].

xn-i—l(u? U) p (U, U) p
Proof: We assume | y,1(u,v) | — F*=| q(u,v) |, wedenoteitas | ¢ | in brevity,
ZnJrl(ua U) w (U, U) w
wn-}—l(u) U)
then the norm of the vector, Ynt1(u,v) |||, converges to ||[F*|| = \/p? + ¢*> + w?, and we
Zn+1(ua U)
have
1 Ty - OD p
T20F+T30E+7’1 ||F*||—|—T4OD Z}
F
) ] -
T’QOF + T30E + 7 ||F*|| + T4OD
OF
+ 22 OF
19OF +1r30FE + rq || F*|| + r4OD
-OF
+ 3 0D
19OF +r30FE + rq || F*|| + r4OD
p
q
w
OF +r30E + 1, ||[F*|| + 7,0D rallF] OF
(7“2 T3 ! T4 ) rOF+r3OE+n[[F*[[+740D .
* roOF r3-OF
TZOF + T3OE + 1 HF H +7‘20F+T’3OE17’1HF*H-‘y—T4ODOE + 7‘20F+7‘30E3+7‘1||F*||+T‘4ODOD

T1 ||F*|| TQOF —
- OF OF
(TQOF+T30E+7‘1 7)) C" T\ hOF + OB + 1 [ 7|

r3-OF —
OD. 18
+ <r20F+r30E+r1 ||F*||) (18)
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4 Conclusions

We first remark that there are many other areas that readers can extend from this paper. For
_—

example, we assumed that in several places that the sequence M, (u,v) converges first before
we state the conclusions, one can make use of Cauchy Criterion for uniform convergence to

search for sufficient conditions for a sequence M, (u,v) being convergent. In addition, we can
extend the plots of convex combinations to the plots of conical combinations both in 2D and
3D. Finally, one can talk about the applications of the uniform convergence of sequences of
parametric equations, and infinite series of parametric equations. Nevertheless, in this paper,
we have seen some interesting graphics that resulted from sequence of convex combinations of
vectors in 2D and 3D. Also, readers should have gained some insights how we can comprehend
a complex concept of uniform convergence of sequences of parametric curves or surfaces. As
a reminder, we indeed extended a simple college exam practice problem on locus into various
interesting exploratory activities, both in 2D and 3D settings. Consequently, these exploratory
activities have led to many interesting areas of computer graphics by integrating mathematical
knowledge in Multivariable Calculus, Advanced Calculus, and Linear Algebra. We thus propose
that a math curriculum should include proper components of exploration with the help of
technological tools, especially where real life applications can be found.

It is common sense that teaching to a test can never promote creative thinking skills, it could
even lose potential students who might pursue mathematics related fields in the future. We
know that addressing the importance and timely adoption of technological tools in teaching,
learning and research can never be wrong. Access to technological tools has motivated us
to rethink how mathematics can and should be presented more interestingly and also how
mathematics can be made a more cross disciplinary subject. There is no doubt that evolving
technological tools have helped learners to discover mathematics and to become aware of its
applications.
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Abstract

In this paper we address the construction of virtual reality scenarios for the NeoTrie VR
software, to make some 3D models of architectural objects manageable anywhere. Students
will be able to see the pieces (mugarnas, vaults and arches and towers) in a 3D model,
manipulate and assemble them, to understand their spatial arrangement. They will also
be able to use Neotrie tools to build and thus better assimilate the underlying geometric
structures.

1 Introduction

Islamic architecture in Andalusia has provided us with some of the most beautiful architectural
objects and intricate geometry. All of these objects have very useful characteristics in the
teaching of mathematics, but some are also especially suitable for understanding geometric
processes in 3D [7], [8]. This is the case of the mugarnas domes, where hundreds, and sometimes
thousands, of pieces are added to form a complex dome given by the union of the pieces. We
also deal with crossed ribbed vaults, made for the first time in Cérdoba, and which allow the
construction of domes with interlocking arches. Finally, some architectures, such as that of
the Torre del Oro in Seville, a separate tower that gave welcome along the Guadalquivir river
in Seville, are especially suitable for construction in 3D. We will detail these constructions in
Section 2

However, 3D tools are necessary to transfer and understand these concepts with students.
Our main goal in this article is to explain the process of designing and creating various virtual
reality scenarios with interactive activities.

The chosen tool for this task is NeoTrie VR (briefly, Neotrie) E], a multiplayer virtual reality
software, developed by Virtual Dor (spin-off of the University of Almeria), which allow users to
create, manipulate and interact with geometric objects and 3D models in general, of different

https://www2.ual.es/neotrie/
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types. Before thinking about its implementation in virtual reality, the 3D models (Section
were designed for 3D printing to perform manipulative workshops [9].

Recent implementations by the developers team of Neotrie (see [11, [5]) have allowed to gen-
erate new scenarios, with friendlier interfaces, menus and new functions, such as arcs creation.

Students can play and learn together the VR scenarios, thanks to the multiplayer mode,
which is being improved in the forthcoming Neotrie version 4.7.0. Hence, they will be able
to see and interact with the pieces in virtual reality collaboratively, manipulate and assemble
them, to understand their spatial arrangement. The VR scenes will also include interactive
step-by-step activities to understand the architectural structures by building them themselves
using the dynamic geometry tools provided by the software (see Section {).

These interactive activities can be better carried out simultaneously with the manipulative
workshop with the printed pieces, usually in the same room that hosts the exhibition Paseo
Matemdtico Al-Andalus, as it was done the University of Almeria in October 2022, the Instituto
Cervantes of Fez in May 2023, and more recently in the Casa Arabe of Cordoba in May 2024.

2 Mathematical description

2.1 Muqarnas mathematical construction

The mugarnas vaults are among the most complex 3D objects in decoration in islamic archi-
tecture. They are formed from the aggregation of simpler pieces [4, [6, 12]. Muqgarnas are
marvelous geometric art creations that challenge our spatial understanding by their capacity
of interrelation.

To create them we start from 4 basic prisms, with sections based on /2 that fit together
(Figure . These prisms are called conza, medio cuadrado (half square), dumbaque and jaira
(Figure [Lb). Other singular pieces such as the estrella (star) or the almendrilla (little almond)
are also added to these. The star usually forms centers with radial symmetry (total or local)
around it.

d dv2 p A~
dv2 d
|; \ Conza M. Cuadrado Dumbaque Jaira
d d
(a) Mugarnas prisms plan. (b) Mugarnas prisms. (c) Convex cutting of a conza.

Figure 1: Geometry of muqgarnas.

The final pieces or adarajas are made by producing some concave cuts of these basic prisms,
at one end, in one or both directions. The cuts are based on integer divisions of 7 and 5 (1/7
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is very close to v/2). At the ends of a piece there remain elongated parts of 1/7 of the length
or width of the piece, or square, 1/7 x 1/7 size of section. These pins, called patillas, are where
the small arcs of the cut ends. In Figure [Ic] we show the conza piece with the corresponding
cuts.

When the prisms are assembled they form, in plan, a tessellation of a rectangular or polyg-
onal area (see Figure . There are innumerable ways to cover such a space with these prisms,
which together with the creativity of the craftsmen, gave rise to a great multitude of possible
designs. But all of them maintain properties of radial symmetry around the stars and axial
symmetries in the basic axes of the polygon we are dealing with.

After a layer is added around a central piece, new layers are added at lower levels, thus
forming level contour lines. A mugarnas dome can have up to dozens of layers at different
levels. The patillas or pins are joined together making clusters. This arrangement, together
with the concave cuts, makes the whole look very pleasing to the eye. It is a dome structure
reminiscent of stalactites in a cave. It is said that the mugarnas domes are inspired by these
natural formations (Figure 2d)).

In this work we have modeled the central part of the Puerta del Lagarto ceiling (XIT A.D.),
a door in the main mosque of Seville (Spain), over which the present cathedral was built. The
original ceiling is the first and simplest built in Andalusia. It has 255 pieces arranged in 7

different levels. (Figure

(a) Mugarnas vault plan. (b) Picture from bottom. (¢) Photogrammetric model
showing dome-like structure.

Figure 2: Muqarna vault of Puerta del Lagarto.

2.2 The intricate ribbed domes

Another of the pieces that we use in VR scenarios are ribbed domes. These are vaults formed
by interlaced arches that cross each other. In the Mosque of Cérdoba (VIII A.D.) these domes
were tested in a pioneering way. There we can find three different ribbed dome types, although
all of them are formed by 8 arches [2].

The first type has 4 crossing points, and in each of them 3 arches of different lengths
and curvature cross simultaneously. Although geometrically it is the simplest to construct, it
nevertheless has practical problems in its execution, due to the resulting complex crossings.
The second type has 8 crossing points, with two overlapping arcs at each point, and where all
arcs are equal. It forms in its projection, on a plane parallel to the ground, a stellate polygon
[8/2] (Schlafli symbol for stellate polygons). It is the most colorful dome and the one that
leaves more space in the center, and yet it was not the most replicated in history [3].
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This honor goes to the third type of dome, which although geometrically more complicated,
it is easier to execute due to the greater number of crossings, which makes the crossing pieces
easier to design. It also has 8 equal arcs, but each arc crosses with the 4 consecutive arcs,
if these are arranged circularly. It forms, in its projection on a plane, a stellated polygon of
type [8/3]. In Figure |3| we show the geometrical structure of the three domes. In Figure @ we
show the photogrammetric view of the three types of domes in the Mosque of Cérdoba, and in
Figure |5| the 3D models for each one of these types.

Figure 3: The geometry of the 3 ribbed domes. All with 8 arches, but with 4, 8 and 12 crossing
number, respectively: lattice + diamond, and stars [8/2] and [8/3]

Figure 4: Photogrammetric view of the 3 types of ribbed domes. From left to right: Villaviciosa
chapel, Magsura and lateral Magsura domes.

Figure 5: Rendering of the 3 types of ribbed domes in a 3D view.

Page 25 of 82



The Research Journal of Mathematics and Technology, Volume 13, Number 2

2.3 The geometry of The Throne Hall

In the third VR scenario we deal with one of the most majestic and beautiful spaces of the
Alhambra: the Throne Hall, or Comares Tower. It is the prototype of what has been called
qubba, in Islamic architecture, formed by a prism with a square base and a splendid wooden
roof with 8,017 pieces that resemble a vault of stars. In fact, its symbolic interpretation is that
of the 7 heavens of Islamic cosmogony.

This number 7 plays an important role in the geometry of the dome. Therefore, it is not
surprising that it is built with a trough-shaped dome, which geometrically corresponds to a
truncated and stepped pyramid, whose sections are half of a regular tetradecagon, and then,
they have 7 sides. We can geometrically construct the dome using two regular 7-sided semipoly-
gons, resulting from cutting a regular 14-sided one in half. See Figure [6a]

This construction fully corresponds to the design of the dome, as can be seen in Figure [6D]
In light blue, a regular 14-sided polygon is represented, built on the side delimited by the two
light blue points above. In red you can see how the real construction is barely distinguishable
from the geometric one, overlapping exactly on several sides. The angles of inclination of the
sides of the dome also coincide, with less than one degree differences between them. This rep-
resents not only evidence of the previous geometric design, but also great construction mastery
for the 14th century.

Regular tetradacagon

(a) Regular 14-gon and their angles (b) The Throne dome: geometry with super-
imposed regular 14-gon.

Figure 6: The regular 14-gon and the dome geometry.

To geometrically construct the dome and address an intuitive and accessible didactic pro-
cedure in the VR scenario, we proceed as follows:
1st. We cross orthogonally on the upper side, parallel to the ground, these two semipolygons.
2nd. This will result in a first face delimited by the 4 vertices of the sides that intersect in the

Page 26 of 82



The Research Journal of Mathematics and Technology, Volume 13, Number 2

center. This will be the upper face, parallel to the ground, which will contain the stars of the
seventh heaven, and will delimit the width of the central niche (see Figure [74)).

3rd. Then we pass 4 planes through each of its edges that contain the next side of the base
semipolygon. We cut the planes with a line orthogonal to the face of the semipolygon and
contained in it, and each plane with their adjacent ones. These will leave us with 4 more
faces. This procedure is equivalent to projecting the corresponding sides of the semipolygon,
by sliding them throught the straight line that defines each of the 4 sides of the first face.
4th. We continue this procedure for the two remaining sides of the semipolygon on each side,
which will give us 2 more faces per side of the room. This way we will fill the 13 resulting faces
(3 for each side of the qubba, plus the common central one).

In Figure [7a] the main body of the qubba appears, given by a cube with 3 zones delimiting
the niches (lower part), plasterwork (central part) and the five windows area (upper part).
Above it, a frieze of wooden muqgarnas gives way to the dome, which contains 3 trapezoidal
faces on each side and the upper closing face. The projection of the grid of unit size (side by
side of the semipolygon) is also shown in Figure [7a| by dashed light blue lines.

Also, in Figure we obtain v/2 and golden ratios for the central and lateral niches. We
will construct these ratios in the corresponding scenario using the usual geometric method.

(a) The Throne Hall full section. Cube and (b) Ratios in the niches of the Throne Hall.
dome geometry.

Figure 7: The geometry of The Throne Hall.
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2.4 The double prisms of Torre del Oro.

In the fourth stage we address the construction of the Torre del Oro in Seville. It is an
interesting prismatic tower for the manipulation of prisms and simple 3D constructions. It is
the only dodecagonal tower in the medieval islamic world (dodecagonal regular prism).

In it, an external dodecagon (whose diametrical section is v/2, surrounds a hexagonal prism
that contains a spiral staircase inside. The construction of this tower in its spatial form allows
us to understand the processes of duplication from a hexagon to a dodecagon and to manipulate
them spatially.

3 3D models

Prior to the development of the virtual reality scenarios we modeled all the pieces in order to
3D print them. Those 3D prints have been used to not only ensure that the proportions of
the pieces are correct but also to guarantee that they will fit correctly together. Moreover, the
pieces have also been used in different workshops with students and the general public where we
noticed the interest of the participants in the manipulation of these objects to fully understand
their geometrical properties and relations [9]. The modeling have been done using FreeCAD
(https://www.freecad.org), a free parametric modeler which is quite suitable for this kind
of pieces that are well described by its geometrical properties.

For the muqgarnas scenario we selected the central part of the muqgarnas ceiling of the Puerta
del Lagarto in the Cathedral of Seville. That section contains 8 different pieces (Figure .
All of them part from a simple prism extruded from a rectangle, a star-shaped polygon or a
triangle. Then some parts of the prism are cutted out by means of the application of boolean
operators with some other basic volumetric parts (cylinders, spheres, cubes...). For example,
in Figure [9] one of the muqarnas is constructed from a prism of rectangular base to which a
cylinder and another rectangular prism have been substracted. In addition to the mugarnas
themselves, a layered box was also designed to help participants to mount the muqarnas ceiling
replica that are attached to it by means of some neodymium magnets. In Figure |8b| we show
the 3D printed mugarnas being used in a practical workshop.

(a) The modeled muqarnas of the central part (b) The 3D printed muqgarnas used in a work-
of the ceiling in the Puerta del Lagarto shop with high-school students.

Figure 8: The muqgarnas and their assembly in a workshop.
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Figure 9: Geometrical modeling of one of the muqarnas.

For the crossed ribbed vaults scenario we wanted to model the arches in such a way that
8 pieces of a single model of an arch allow the construction of the ribbed vault. To do so we
started with a simple extruded piece from a 2D model of the shape of the arch and then applied
different boolean operators to make some cuts and additions in the intersection points of the
arches that allow the interlocking of the adjacent arches (Figure .

(c) Some prisms are added or subtracted to pro- (d) Final model of the arch.
duce some cuts

Figure 10: Modeling an arch for the crossed ribbed vaults scenario.

In addition to the arches themselves we have also modelled the domes that rest over the

arches. This last piece is used in the workshop once the participants have been able to engage
all the arches (Figure [L1)).
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Figure 11: Complete model with interlocked arches and upper dome. Picture of the 3D printed
model.

4 The VR scenarios

Once in the game, there is a box Paseo Matemdtico al-Andalus to access the activities of this
project. Each scenario contain pictures in this article, short explanations and instructions, the
described 3D models (STL format) to assemble, and some interactive activity to work on the
geometry associated with the corresponding architectural structures.

The first attempt is usually started with simpler exercises for the user, in which the patterns
and organization of the architectural elements are recognized in broad strokes. Later, in a math
workshop led by the teacher, students deepen and assimilate the necessary concepts to better
understand the geometric structures. To this end, the teacher presents more complex exercises
using dynamic geometry tools, such as the compass or perpendiculars and parallels, to build
simple models of these pieces and STL structures.

By carrying out these activities the students between the ages of 12 and 16 years work
on perpendicularity and parallelism in space, the notions of straight prisms with regular bases,
practice and learn about different proportions, build circles and arcs in space, spheres, cylinders
and cones, and find a way to scale the figures to obtain models of real sizes.

4.1 Muqgarnas

The first scenario (Figure is devoted to mugarnas. Here the player must make copies of
the pieces and place them on the virtual ceiling following the pattern indicated on a template
(Figures . One can also construct the prisms that generate the muqarnas, by using the
compass, perpendicular and parallel tools, and then extruding. However, the software does not
yet allow to make spherical or cylindrical cuts on the prisms, which would allow to obtain each
of the muqarnas.
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COPIA LA PIEZA QUE
NECESITES

(c) Build the basis of prisms for mugarnas. (d) Extrude the polygons to get the prisms.

Figure 12: VR scenario for muqgarnas dome.

4.2 Vaults and arches

The second scenario (Figure contains the 3 vaults described in Section The player
observes the geometrical bases of each vault and makes copies of the arches and put them in
place (Figure . Then, one can further propose to students to build the base figure of the
dome or to build the missing circled arcs with the compass tool or to build a Carpanel arc.

We would like to point out that the implementation of arcs in space has required the use
of shadders in Unity. This has been implemented by Hernandez in the compass tool (see[5),
Section 5.2]), which already used the case of a circle passing through 3 points and the circle,
giving 4 points, the 4th fixing the normal direction to the circle (Figure .

Figure 13: Arc by touching A, B, and C; Oriented arc by touching A, B, C, D.
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It is also possible to dispense with the fourth point and use the normal obtained by the
cross product of two vectors formed by the first 3 points.

The real domes consist of carpanel arches. In the scene the user can see one to try to
reproduce it (see Figure . The difficulty in constructing these arcs in space is that we need
auxiliary perpendicular directions that indicate the plane where the arc is located, As we have
seen in Figure [I3]

(a) General view. (b) Assembling a dome.

(c) Make the base figure, the circled arcs and (d) Build a dynamic Carpanel arc with the com-
place the STL objects correctly. pass, perpendicular and parallel tools.

Figure 14: VR scenario for vaults and arches.

4.3 Torre de Comares

In the third scenario (Figure we used our photogrammetric images to assemble a full-scale
model of the throne hall. It is completed with a step-by-step construction of a simple model of
its dome, based on the regular tetradecagon adjustment described in section [2.3]

Therefore, students are asked to build a regular tetradecagon in Neotrie. For this, they
have to calculate first the angle between two adjacent edges of the regular tetradecagon, that is
180 — 360/14 ~ 154.2857, and make the entire tetradecagon with the corresponding tool. Then
unlink dependencies of the green points and make a copy to get the regular tetradecagon (see

Figure .
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Figure 15: Touch two points of an edge, and a third point to fix the plane containing the angle.
Remove dependencies and copy the figure.

The next step is to use two half parts of the 14-gon to form the axis of the dome (Figure,
by rotating them, creating middle points and joining them appropriately. Then, by intersecting
parallels, one finds the sided edges of the dome (Figure . Finally, one completes the faces
to get a small model of the dome (Figure .

7. Tntersect the parallels

8. Make edges of the cypola,

. Nake paralels

(c) Making the crossing intersecting edges. (d) Making the faces and unlink dependencies.

Figure 16: VR construction of a model of the Comares dome.

Students can then get a real scaled copy of the dome. For that, they need first to find the
real size of the square base of the tower (11 meters) and measure the length of the base of the
small dome (44,9 cm), then get the change of scale as 1100/44,9 ~ 24,5 (Figure[17a)), make the
scaled copy and put it at the top of the tower (Figure . Furthermore, they can check with
the Tape tool that the height of the tower is about 18 meters.
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Inside the tower, we in Figure [7b] the points of two interactive rectangles can be moved to
find the proportions of two niches of real size (Figure [17c)). They can also adjust semicircular
arcs passing through 3 points and locate the center (Figure [17d)).

(a) Scaling the dome to get a base of side 11 (b) Tower mounted with scaled photos and the
meters. dome.

(c) Adjusting a v/2 ratio and golden ratio rectan- (d) Construction of an arc and its center. Ad-
gles on niches. justment to the arches of the niches.

Figure 17: VR model of the tower of Comares with interactive activities.

4.4 Torre del Oro

In the fourth scenario (Figure the player can build a simple model of the Torre del Oro
step by step. Starting with regular polygons (1 hexagon, 6 squares and 6 equilateral triangles),
he must use the magnet tool to form the polygonal base of the tower (Figure . Then, lift
the prism with the perpendicular, parallel and compass tools, to finish by extruding the inner
hexagon. This process can be seen step by step in the video https://youtu.be/2BkjtrMByNo.
Further exercises could be (see Figures and to add more geometric elements at the
top of the tower: sphere, cylinder, cone, to use the scale copy seal tool to get a model of the
tower with real measures and to build a spiral staircase in the interior of the hexagonal prism.
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NeaTrie,
Hp O

(c) Last steps of the construction. (d) Adding more elements to the top.

Figure 18: VR scenario for the Torre del Oro.

5 Conclusion

In this paper we have described a motivating learning situation that combines history, art and
geometry, with the help of new technologies (3D printing and virtual reality). Students can learn
by building by themselves various structures involving important geometry concepts: scaling,
proportions, parallelism, perpendicularity, intersections, symmetries, projections, tessellations,
spatial curves and surfaces, etc. They have the incentive of being able to build them in real
size, in an interactive and totally immersive way.

We conclude that the power of VR, together with the challenge of its assembly and the ad-
miration aroused by its composition make NeoTrie VR, along with these scenarios, an ideal tool
for teaching mathematics together with art and technology, giving rise to a STEAM workshop.
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Abstract

This work is primarily the product of the first listed author, who completed it as a student under the
direction of the second and third listed authors. In this paper we analyze three progressive betting
strategies, each applied to three casino games. The betting strategies considered are Martingale,
Paroli, and Fibonacci, each applied to the casino games blackjack, craps, and roulette. The aim of
this analysis is to try to identify optimal betting strategies for each game with a given or maximum
number of bets placed that pay 1:1. The purpose of this work is not to try to discover methods for
“beating the house,” which are already known to not exist, but rather to search for methods for
advancing gameplay through a given or maximum number of bets while retaining the possibility of
earning a profit. Programming in the computer algebra system Maple, more specifically through
the use of a Maplet, which is like an applet but uses (and requires) Maple’s engine, will be used
for calculations.
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1 Introduction

Casino gamblers have been attempting to “beat the house” ever since organized gambling was in-
troduced during the Chinese Tang dynasty between the 7th and 10th centuries A.D. Players have
been attempting to increase their odds of winning through both legal and illegal means, using playing
strategies such as choosing when to make a particular decision or how much to wager on a specific
outcome. The motivation for this paper came from a run of bad luck by one of the authors at a casino
over several months. The hope was that by using some mathematical analysis, we would be able to
see how to use betting strategies to skew outcomes in our favor over the short or long term.

Please note that we do not wish to give the impression that anything can be done to change the odds
to players or the house. Rather, we only wish to try to identify betting strategies that allow players
to limit risk while retaining the potential for success. With a focus on games with around a 50%
probability of success, or, as it is known, “1:1 (one-to-one) odds,” by applying the betting systems,
we propose that players could play a chosen number of bets with only a minimal loss or even a
potential profit. The three games we will play through simulation are blackjack, craps, and roulette,
to which we will apply the three betting systems Martingale, Paroli, and Fibonacci.

2 The Games

2.1 Blackjack

The most common theory for the origin of blackjack gives credit to early 18th century France with
the invention of the game Vingt-et-Un, which translates from French as Twenty-One. Under the reign
of King Louis XV, the game was played at French Royal Court. By the early 19th century it had made
its way onto the streets of New Orleans, though it was played with a slight variation on the rules as
compared to today. When gambling became legalized in Nevada during the 20th century, the game
began being hosted by casinos and gambling halls. Its name was changed to blackjack with the hope
of growing its popularity, and additional payouts were given to players who won with a black Jack
(the Jacks of clubs or spades) or the Ace of spades. These bonus payouts eventually became less
common after the game did indeed grow in popularity [3].

A few variations exist for the rules of blackjack, although the odds of winning change only very
slightly. The standard rules for blackjack and the parameters for our analysis are:

1. All cards are assigned point values. Cards numbered 2—-10 are assigned the number of points of
their face value, while Kings, Queens, and Jacks are assigned 10 points. Aces can be assigned
either 1 or 11 points, as chosen on each deal by the player.

2. The dealer deals the player two cards, while the dealer receives two cards with one facing
up. The player then decides whether to “hit,” meaning to take an additional card, or “stand,”
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meaning to not take an additional card. If the player hits, then they decide again whether to hit
or stand, continuing in this manner until they either stand or “bust,” meaning they have more
than 21 total points. The player loses if they bust. If the player stands with fewer than 21 points,
then the dealer repeatedly draws cards until they either beat the player or bust. In this scenario
the house loses only if the dealer busts.

3. For our analysis, we will assume eight full decks of cards are used. Also, if the player’s first
two cards are a “blackjack,” meaning an Ace and any other card worth 10 points for a total of
21 points on the deal, the payoff to the player is 3:2, meaning any bet earns a profit of 50%.
Finally, we will assume the player will follow the basic strategy of the betting systems analyzed,
which dictate gameplay based on scenarios. Although electronics cannot be used at blackjack
tables, basic strategies can be printed and used at tables legally.

Following these rules, the odds are in the dealer’s favor, but only by a margin of 0.43096% [5]. That
is, the dealer wins on average 50.21548% of the time, while the player wins on average 49.78452%
of the time.

2.2 Craps

The most common theory for the origin of the dice game craps is that it was invented during the
Crusades, when it was known as Hazzard, and grew in popularity during the gambling boom in 17th
century France. As with blackjack, craps came to the United States via New Orleans as a street
game called street craps. The term craps comes from the French word crapaud, meaning toad,
which people tended to resemble as they crouched over to play the game on a floor or sidewalk. The
American version of craps saw a few minor rule changes over the years, but the game has basically
been played in a very similar manner for many years.

Craps consists of 27 bets that can be placed in prediction of the sum of two dice rolled by a shooter
[4]. A few bets are inverses of each other, so playing both during the same roll would be illogical, but
any other combination of bets is reasonable. The parameters for our analysis are:

1. The player only plays the Field bet, meaning the sums 3,4, 9, 10, and 11 are 1:1 winners, while
the sums 2 and 12 are 2:1 winners.

The odds for the Field craps bet are in the house’s favor by a margin of 5.56% [4].

2.3 Roulette

Roulette is a game played with a small white ball, called the pellet, spinning around a horizontal
wheel, on which it eventually settles into one of the following 37 or 38 numbered positions: ones
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labeled 1-36 and split between red and black with 18 positions for each, one labeled 0, and, some-
times, also one labeled 00. The roulette wheel was invented by the legendary French mathematician
Blaise Pascal when he was attempting to create a continuous motion mechanism requiring no outside
force to stay in motion [6]. While Pascal’s intended experiment failed, he nonetheless accidentally
succeeded in creating the roulette wheel.

As with craps, there are many different ways a player can bet on roulette, including on individual
numbers, splitting a bet between two or four numbers, and dividing the table into thirds by betting on
1-12, 13-24, or 25-36. The parameters for our analysis are:

1. The player makes the same even-money (1:1) allowed bet on each spin. One allowed bet is
“even/odd,” in which a player choosing even wins if the pellet lands on a nonzero even number,
and a player choosing odd wins if it lands on an odd number. Another allowed bet is “high/low,”
in which a player choosing high wins if the pellet lands on a number in the range 1-18, and a
player choosing low wins if it lands on a number in the range 19-36. The final allowed bet is
“black/red,” in which a player wins if and only if the pellet lands on their chosen color.

2. The wheel has 38 spaces, including both 0 and 00, since this is the type of wheel most common
today. With this wheel, all of our allowed bets have a probability of winning of ;—g.

The odds for all our allowed bets are in the house’s favor by a margin of 5.26% [5].

3 The Betting Systems

3.1 Martingale

The Martingale betting system, which was introduced by French mathematician Paul Pierre Lévy in
the 18th century, is likely the most common progressive betting system used today. Legend has it
that the system derives its name (with one letter changed, for some reason) from the last name of
early 18th century London casino owner John H. Martindale, who encouraged patrons to use it in
his own casino, which led, ironically, to its bankruptcy. The system has transcended standard casino
gambling, and is now used in many nontraditional forms of gambling, such as investment banking,
stock brokering, and sports betting. The rules of Martingale are straightforward—with each loss,
one doubles their bet, until they win. Although starting bet sizes of 5% of one’s bankroll are more
common in practice, we will use 1% in our analysis in order to more clearly see long-term trends [2].

Table 1 shows an example of the Martingale system in practice, with a beginning bankroll of $100 and
initial bet size of $1. Under Martingale with a beginning bankroll of $100, after six consecutive losses
it would be not possible to make a seventh bet. Nonetheless, even though Martingale is a high risk
system, it is also true that for one whose beginning bankroll is sufficient to fund the next bet after n
consecutive losses, a win on that next bet would return the beginning bankroll plus the amount of the
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initial bet. Exhausting one’s bankroll is not the only drawback to the system though. Casinos often
have betting limits, so one might reach a point where doubling after a loss would not be allowed.

Table 1: Example of the Martingale betting system.

Round | Bet | Win or Loss | Bankroll
$100
1 $1 Loss $ 99
2 $2 Loss $ 97
3 $4 Loss $ 93
4 $8 Win $101
5 $1 Win $102

Table 2 shows the results of applying 1000 trials of the Martingale betting system to each game,
stopping if 25, 50, or 100 rounds are reached in each trial, with a beginning bankroll of $500 and
initial bet size of $5 for each trial. Within each cell of the table, the first number is the average number
of rounds played before either the number of rounds indicated in the first column was reached or the
next bet could not be made, and the second number is the average final bankroll. As we can see from
the table, blackjack shows the highest likelihood of success, with almost 2% in expected profit with
at most 25 rounds, and around 0.2% in expected loss with at most 100 rounds.

Table 2: Results from trials of the Martingale betting system.

Rounds Blackjack Craps Roulette
25 23.59 7/ $509.10 22.76 / $482.60 23.33/$502.25
50 42.95/$504.99 40.96 / $473.82 40.56 / $475.34
100 72.56 / $498.88 65.69 / $442.77 66.99 / $441.38

We will now demonstrate a Maplet! entitled Casino written by the authors which can be used to
analyze the three betting systems and three games considered in this paper. This Maplet is available
for download at the link labeled [S1] in Section 5. The code that underlies the Maplet is unique
to Maple, but could easily be altered for any programming language and any game as long as the
player knows the house edge, probability of winning a round, and maximum number of rounds to be
played. The Casino Maplet allows users to select the betting system and game to be analyzed, and
enter the number of rounds, trials, initial bet amount, and beginning bankroll. Clicking the Compute
Parameters and Graph Distribution button then causes the mean number of turns, mean ending
money value, largest ending money value, and smallest ending money value to be displayed, as well
as a graph showing the distribution of ending money values.

The screenshots of the Casino Maplet in Figures 1-3 show the distribution of ending money values
for 1000 trials of the Martingale betting system for all three games with at most 25 rounds, a beginning
bankroll of $500, and an initial bet size of $5. All show a bimodal distribution with left skewness and
a majority of trials ending in profit.

' A Maplet is like an applet, but uses the computer algebra system Maple, and is written using Maple functions and syntax.
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Figure 1: Ending Money Values for Blackjack With at Most 25 Rounds Under Martingale System
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Figure 2: Ending Money Values for Craps With at Most 25 Rounds Under Martingale System
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Figure 3: Ending Money Values for Roulette With at Most 25 Rounds Under Martingale System
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3.2 Paroli

The Paroli betting system derives its name from the Latin word par, which means to break even. Like
the roulette wheel, the Paroli betting system has been credited as an invention of French mathemati-
cian Blaise Pascal. While the Martingale betting system is a high-risk system, Paroli, also known as
“anti-Martingale,” allows players to set a maximum amount they are willing to lose with each play
[1]. Under Paroli, players double their bet after each round until either three consecutive wins or a
loss, after which they return to their initial bet amount [5].

Table 3 shows an example of the Paroli system in practice, with a beginning bankroll of $100 and
initial bet size of $1. Under Paroli with an initial bet size of $1, three consecutive wins results

in a profit of $7, or, equivalently, “pays 7 to 1.” Since each round offers a chance of winning of
approximately %, the probability of winning three consecutive rounds is about 2% = %. That is, under
Paroli, players are taking a chance on earning a profit of 7 to 1 against odds of winning of 8 to 1.

Table 3: Example of the Paroli betting system.

Round | Bet | Win or Loss | Bankroll
$100
1 $1 Win $101
2 $2 Win $103
3 $4 Win $107
4 $1 Loss $106
5 $1 Win $107

Table 4 shows the results of applying 1000 trials of the Paroli betting system to each game, stopping
when 25, 50, or 100 rounds are reached in each trial, with a beginning bankroll of $500 and initial
bet size of $5 for each trial. The number in each cell of the table is the average final bankroll. In
comparison with the Martingale system, the Paroli system rarely returns a large profit. However,
under Paroli players can guarantee playing any specified number of rounds, since the most they could
lose on any single round would be the value of their initial bet. For example, if a player wanted to
guarantee being able to play 25 rounds, they could start by betting 4% of their bankroll, since this
would require 25 consecutive losses for their entire bankroll to be lost.

Table 4: Results from trials of the Paroli betting system.

Rounds Blackjack Craps Roulette
25 $501.79 $488.11 $489.81
50 $500.77 $476.43 $478.01

100 $495.32 $455.11 $455.39

The screenshots of the Casino Maplet in Figures 4—6 show the distribution of ending money values
for 1000 trials of the Paroli betting system for all three games with 100 rounds, a beginning bankroll
of $500, and an initial bet size of $5. All show a more normal distribution than Martingale, with more
predictability and less volatility. In particular, the ending money values rarely dip below $300.
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Figure 4: Ending Money Values for Blackjack With at Most 100 Rounds Under Paroli System
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Figure 5: Ending Money Values for Craps With at Most 100 Rounds Under Paroli System
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Figure 6: Ending Money Values for Roulette With at Most 100 Rounds Under Paroli System
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3.3 Fibonacci

Recall that the Fibonacci number sequence begins with the terms Fp = 0 and F; = 1, with subsequent
terms F;, for n > 1 being the sum of the previous two terms: F,, = F,,_| + F;,,_». That is, the Fibonacci
sequence is: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, ... . In the Fibonacci betting system, each bet made
by a player is their initial bet scaled by a multiplier from this sequence. For the first bet, players
multiplying their initial bet by the third number in the sequence, F; = 1. After each loss, the bet
multiplier moves forward one position in the sequence, from F; to Fj;. After each win, the bet
multiplier moves back two positions in the sequence, from F; to F;_;, though never moving past the
third number in the sequence [5].

Table 5 shows an example of the Fibonacci system in practice, with a beginning bankroll of $100
and initial bet size of $1. A drawback to the Fibonacci system is that several consecutive losses can
quickly lead to very large bets. For this reason, literature on the system often recommends that players
use an initial bet size of between only 1% and 5% of their beginning bankroll.

Table 5: Example of the Fibonacci betting system.

Round | Bet | Win or Loss | Bankroll
$100
1 $1 Loss $ 99
2 $2 Loss $ 97
3 $3 Loss $ 94
4 $5 Win $ 99
5 $2 Win $101

Table 6 shows the results of applying 1000 trials of the Fibonacci betting system to each game,
stopping if 25, 50, or 100 rounds are reached in each trial, with a beginning bankroll of $500 and
initial bet size of $5 for each trial. Within each cell of the table, the first number is the average number
of rounds played before either the number of rounds indicated in the first column was reached or the
next bet could not be made, and the second number is the average final bankroll. The results are
similar to what we saw for the Martingale and Paroli systems, with even with a better chance of a
higher profit. However, unlike Paroli, Fibonacci does not allow players to guarantee being able to
play any specified number of rounds, and could also allow bets to become very large.

Table 6: Results from trials of the Fibonacci betting system.

Rounds Blackjack Craps Roulette
25 24.73 1 $504.47 24.54 / $496.19 24.41/ $485.67
50 47.49 / $513.69 46.32 / $467.82 46.67 / $479.24
100 90.22 / $530.51 85.08 / $450.14 86.13 / $461.16

The screenshots of the Casino Maplet in Figures 7-9 show the distribution of ending money values for
1000 trials of the Fibonacci betting system for all three games with 50 rounds, a beginning bankroll
of $500, and an initial bet size of $5.
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Figure 7: Ending Money Values for Blackjack With at Most 50 Rounds Under Fibonacci System
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Figure 8: Ending Money Values for Craps With at Most 50 Rounds Under Fibonacci System

Page 51 of 82



The Research Journal of Mathematics and Technology, Volume 13, Number 2

Casino - O X
&

Select Betting System:  Fibonacei Select Game: Roulette

Enter # of Rounds: |50 | Enter # of Trials: __ll][llJ

Enter Initial Bet: § |5.00 Bankroll Amount: $ |500.00
Mean Number Turns: |46 Largest Winning: §$ |755.00
Mean Ending Money Value: $ 470.23 Smallest Winning: $ |0.00 _

Fibonacci Frequency of Ending Values for 1000 trials for Roulette With at Most 50 rounds

Compute Parameters

Frequency

0 100 200 300 400 500 600 700
End Value

Figure 9: Ending Money Values for Roulette With at Most 50 Rounds Under Fibonacci System
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4 Conclusions and Ideas for Future Work

As part of this project, simulations were also done using other number sequences such as Pi and
Euler that show more randomness. These systems did not show promise from a gambling perspective
though, as the key to a progressive betting system is the ability to regain losses as quickly as possible
with a minimal number of wins.

For the analyses described in this paper, the Martingale betting system shows the most promise for po-
tential profit in the short term, unless the probabilities of success on a given round are approximately
50%. However, under the Martingale system, if a player started by betting 1% of their beginning
bankroll, then they would only be able to survive six consecutive losses before being unable to place
the next bet. Even worse, if a player started by betting 5% of their beginning bankroll, then they
would only be able to survive four consecutive losses before being unable to place the next bet. As
such, the player would need to decide what it is really worth to them to have a profit potential. An
intelligent strategy for the Martingale system would be for a player to identify how much profit they
would need before leaving the game. For example, if a player had the goal of earning $25 profit in at
most 25 rounds, then it would only take five wins when betting $5, and as soon as the player reached
that goal, they could retire.

In contrast to the Martingale betting system, the Paroli betting system allows players to guarantee
being able to play any specified number of rounds that they wish. More specifically, if the player
chose to start by betting a certain percentage of their beginning bankroll, then they would be able to
predict a minimum number of rounds they would be guaranteed of being able to play. For example,
if a player started by betting 1% of their beginning bankroll, they would be guaranteed of being
able to play a minimum of 100 rounds. Similarly, if they started by betting 5% of their beginning
bankroll, they would be guaranteed of being able to play a minimum of 20 rounds. (This assumes the
player completes 100 or 20 rounds, respectively, without three consecutive wins.) Another favorable
property of the Paroli betting system is that players can double their bets until they earn two wins in
a row, or four wins in a row, or any number of wins in a row they want to achieve. Recall though that
regardless of however many consecutive wins a player wants to achieve in order to perceive the result
as a success, the odds of reaching that number of wins would still need to be higher than the payoff.
For example, two consecutive wins would result in a 3 to 1 payout, while the odds of winning two
games in a row would be approximately 4 to 1.

Finally, recall that the Fibonacci betting system, like the Martingale betting system, allows bets to
potentially become extremely high if players experience a large number of consecutive losses. So,
similar to the Martingale system, with the Fibonacci system it would be better for players to start by
identifying a profit amount as the goal rather than a number of rounds to be played. The fact though is
that all betting systems have benefits and drawbacks, and so it ultimately comes down to the goals of
the player. This project only aims to investigate systems with the end goal of allowing players to play
for as long as possible and to reach a reasonable number of rounds with the hope of being entertained
by a pleasant evening at a gambling table. The system that seems to best fit that criterion is Paroli,
given that it is not for high-risk gamblers, and players can guarantee being able to play any specified
number of rounds.
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Further investigations could include developing an algorithm through which a player could choose
a progressive betting system from among the three analyzed in this paper or possibly others, choose
a casino game from among the three analyzed in this paper or possibly others, and then have the
algorithm return to them the expected outcome of playing their chosen game under their chosen
betting system. With the understanding that no system can guarantee a profit, the player could at least
make better choices that lead to more pleasurable gambling experiences.

5 Supplementary Electronic Materials

[S1] Maplet that can be used to analyze the three betting systems and the three casino games consid-
ered in this paper:
https://www.appstate.edu/~klimare/casino.maplet.
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Abstract: In Japan, standards have been established for curricular organization. The latest standards mention the
enrichment of inquiry, statistical education, and active use of ICT. We focus on the enrichment of statistical education
in inquiry and describe a case study of problem research, one of the educational activities in the SSH project (Super
Science High School), a national project to promote science and mathematics education, and problem study in the
required course "Mathematics I." Based on this discussion, we propose future directions for statistical education and
the use of ICT. Based on this discussion, we propose the future direction of statistics education and the use of ICT.

1. Introduction

In Japan, there are curriculum standards called "Courses of Study,” which have been
established by the Ministry of Education, Culture, Sports, Science and Technology (MEXT) to
ensure that a particular standard is maintained in all schools throughout Japan. These standards
stipulate general curricular considerations, the number of class hours, and each subject area's
general goals, contents, and content. Each school determines the textbooks and timetables for its
students based on these standards. The Courses of Study are reviewed every ten years to indicate
the qualities and abilities necessary for children to live and to consider social changes such as
globalization, rapid informatization, and technological innovation. In high schools, education under
the new Courses of Study will begin in 2022, and "inquiry™ has been identified as a keyword for
learning in the overall curriculum.

In addition, in this revision, science and mathematics education is required to enhance
learning activities for scientific inquiry through observation, experimentation, and statistical
education for analyzing data and solving problems.

Therefore, this paper focuses on "inquiry” learning activities in science and mathematics
education and efforts to enhance statistics education. The inquiry process involves problem setting,
information gathering, organization and analysis, and summarization and expression. One
educational activity that participates in the inquiry process is the Problem Research*! conducted at
Super Science High Schools (hereafter, SSH*?). Based on our experience working at SSH-
designated schools from 2008 to 2020, we will summarize the changes in the Courses of Study and
the status of the use of ICT and introduce examples of the use of ICT in Problem Research. We
want to discuss the case studies from the viewpoint of the statistical inquiry process and propose
future statistical education and the use of ICT.

2. The Objectives of Mathematics** and Mathematical Activities in the Courses

of Study
The objectives of the mathematics department in the Courses of Study are as follows.

The goal is to develop the following qualities and abilities to think mathematically through
mathematical activities, using mathematical ways of seeing and thinking.
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(1) To understand the basic concepts, principles, and rules of quantity and shape and to acquire
the skills to mathematize, mathematically interpret, mathematically express, and mathematically
process phenomena.

(2) Cultivate the ability to examine events logically using mathematics, find properties of
quantities and figures and explore them in an integrated and developed manner, and express
events concisely, clearly, and accurately using mathematical expressions.

(3) Cultivate an attitude of persistent thinking and applying mathematics to daily life and learning
by realizing the enjoyment of mathematical activities and the value of mathematics and
evaluating and improving the problem-solving process in retrospect.

The Courses of Study to date show that "mathematical activities” are of great significance in
mathematics education in Japan. Furthermore, ICT is practical and currently indispensable in those
activities.

"Mathematical activities™ are activities in which the students conduct the learning process
of arithmetic and mathematics. The image of this is shown below (see [1]).

It is described as moving between the real world and the world of mathematics. In the real
world, the student can perceive everyday life and social events mathematically, process them
mathematically, and solve problems. In the world of mathematics, the student can think about
mathematical events in an integrated and developed manner and solve problems. These processes
are shown to move between the real world and the mathematical world by focusing on the problem
expressed mathematically and obtaining results.

Problem research is an activity that can help us realize this learning process, and we have
been practicing it. The following is an example of practice with ICT.

Image of the learning process in arithmetic and mathematics **
The process of problem-finding and solving in arithmetic and mathematics

The world of reality The world of mathematics

Mathematically
expressed problems.

Focused Issues

h Rijt '

Figure 2.1 Image of the learning process in arithmetic and mathematics**

Phenomena
of daily life
and society

Mathematical

3. Statistical Inquiry Process and ICT Application
3.1 Students' ICT Environment and Statistical Inquiry Process

Currently, each student is provided with a tablet device. A classroom support application has
been installed in the author's prefecture. Each student is given a Google account, and the projector
and screen are equipped in each classroom.
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The statistical exploration process is a five-step process.

Problem - Identification of the problem - Issue setting

Plan - Data assumptions - Collection plan

Data - Collection of data - Organization into tables

Analysis - Creation of graphs - ldentification of characteristics and trends
Conclusion - Conclusion * Reflection

The process consists of setting up a statistically solvable problem for the original awareness
of the situation and what needs to be solved, considering the data to be collected and how to collect
them for the set problem, actually collecting the data according to the plan, organizing the data into
tables, summarizing the collected data into graphs according to the purpose and type of data,
obtaining statistics, identifying characteristics and trends, summarizing and expressing conclusions
about the problem from the traits and trends found, and finding further issues and points for
improvement for the entire activity. The process is a series of processes to grasp the characteristics
and trends of the collected data by summarizing them in graphs and obtaining statistics, etc.,
according to the purpose and type of data, to express a conclusion about the problem based on the
characteristics and trends found, and to see further issues and points for improvement of the entire
activity.

3.2 Scenes of ICT use in the statistical inquiry process Class Outline

The use of ICT in the statistical inquiry process is expected to facilitate more concrete
imagery in identifying, identifying, and planning issues by recording and storing images and sounds
in the steps of problem identification, problem formulation, and planning. In data collection and
analysis, data can be obtained, recorded, organized, arranged into tables, and visualized by creating
graphs. Students can also be used to summarize conclusions, reflect on, and express or communicate
the results. In analyzing data, spreadsheet software such as Excel or R is effective, and in
summarizing and describing data, presentation software or Jamboard can be a tool for organizing
thoughts. In addition, data collection using the Internet and online conferencing systems may be
effective in the inquiry process, such as receiving expert advice. Next, we will discuss examples of
ICT applications.

4. Class of the Use of ICT

4.1.1 Problem Research: "Data analysis of photovoltaic power generation and its future use"
Solar panels were installed on the roof of the school building, and temperature, solar

radiation, and the amount of electricity generated were measured; these data had been stored on a

computer in the school since March 2004. Students learned of the existence of this data and

analyzed it. The computer spreadsheet software Excel was used.

Students were interested in energy issues. Since solar power generation has been attracting
attention from all over the world as an environmentally friendly method of power generation, and
research has been conducted to improve its efficiency, they investigated, based on data accumulated
at the school, whether solar radiation is proportional to power generated, whether the temperature is
related to power generated, and what can be done to improve the efficiency of power generation,
and what should be done to improve the efficiency of power generation. As a method, data on
electricity generated by solar panels was imported into a computer and graphed for annual and
monthly comparisons. The following data dealt with the data at that time.
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Gete Dt e (0) [T e
1 1476 238 14.41
2 0.893 209 796
3 4233 238 4035
4 4,845 239 4477
5 5.471 262 5068
3 479 268 4429
7 3.991 289 37.06
8 2191 27 2076
9 2408 277 2297

10 1827 254 1752
11 3.377 256 33.16
12 4457 271 4139
13 2278 276 2124
14 4458 30 4092
15 3.468 287 3161
15 1888 243 1755
17 2095 256 19.42
18 2133 269 2036
19 1975 273 18.45
20 4291 26 39.99
21 169 263 1667
22 3.524 26.1 3368
23 218 238 2036
24 3697 26.8 3506
25 1872 273 18.03
26 2594 254 2437
27 2503 253 2343
28 1897 252 1858
29 3774 288 3545
30 2.275 249 2114
31 1974 244 1891

Figure 4.1 Data of photovoltaic power generation

The data on solar raaiatuon, temperature, ana electricity generatea were graphed. The graphs
were graphed over a day to identify trends. The weather was also used as a reference. There were
differences between sunny and rainy days. (See [1] and [2], [3]) On sunny days, the amount of solar
radiation and electricity generated were higher than on rainy days.

In addition, a similar graph was also made to grasp the trend and determine the annual change.
There were differences depending on the season.

9 Kwh Kwh/m 1 9 —Kwh Kl T 1
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electricity generated electricity generated (kWh)
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—#—  Solar radiation solar radiation (kWh/m?)
(kwh/m?) 0.7 07

¢ temperature (°C) 6 — temperature ("C)
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Figure 4.2 Graphs of the amount of electricity Figure 4.3 Graphs of the amount of electricity

generated, solar radiation and temperature (sunny) generated, solar radiation and temperature (rainy)
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Figure 4.6  Scatter diagram of the amount of electricity generated and solar radiation

Next, Students also examined the correlation between average monthly temperatures, the
amount of electricity generated, and solar radiation to determine whether temperature affects them.
Scatter plots were created using data from the past five years. It was found that there is no direct
relationship between temperature and the amount of electricity generated and between temperature
and solar radiation. (See [4] and [5])

Data analysis from the past five years shows that solar radiation and electricity production
are proportional. These were compiled throughout the year. (See [6]) This indicates that the amount
of solar radiation affects the electricity generated.

As a discussion, the graph shows that the shape of the graph is mountainous in all years,
indicating that the summer season tends to have higher temperatures, solar radiation, and electricity
generation. The reason for the lower amount of electricity generated from November to February,
the winter season, was that geographical factors resulted in fewer sunny days due to higher winter
precipitation. A new finding was that electricity generation was higher in the spring months of
March through May rather than in the summer when there are more sunny days. They were able to
confirm that in some years, this was beyond the summer months. Typhoons and fall rains
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influenced the lower amount of electricity generated in September in the fall, while the higher
amount in October could be attributed to the influence of clear autumn weather. It was also found
that there is a correlation between the amount of solar radiation and the amount of electricity
generated, which can be said to be proportional to the amount of electricity generated.

(See [7] and [8])
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Figure 4.7 Graphs of the amount of electricity Figure 4.8 Scatter diagram of the amount of

generated, solar radiation and temperature (year) electricity generated and solar radiation (year)

For future development issues, Students said that they would like to research the
relationship between solar panel temperature and power generation efficiency, the relationship
between weather and power generation, and confirm whether there is a relationship between light
wavelength and power generation capacity based on measurements of changes in power generation
at different light wavelengths and whether it is practical to install solar panels in homes,
considering installation costs and electricity costs. The difference in the amount of electricity
generated by solar panels and irradiation angles. Since the panels become hot while the sun is
shining, they would like to research more effective solar panels, including the use of solar heat.
4.1.2 Course ""Fundamentals of Mathematics"

The goal of the course is two points:

1. Acquire knowledge and skills in data processing using a personal computer.

2. Acquire methods to analyze data accurately.

3. Acquired the ability to process and read information accurately and develop an attitude to
apply it to real life.

The course aimed to provide students with the basic knowledge and skills necessary to
research an issue. To acquire the basic knowledge and skills necessary for research, the students
used presentation software and spreadsheet software in data processing to write a report using a PC.
The students experienced the hypothesis, verification, and summary process in the computer room.
4.1.3 The problem-based learning of **Mathematics I"*

In Japan, Mathematics I is a required course. Required courses are courses that the school's
curriculum must take high school students before graduation. The content of Mathematics I includes
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numbers and expressions, figures and measurements, quadratic functions, data analysis, and
problem-based learning. Problem-based learning encourages students' independent learning and
helps them recognize the merits of mathematics by setting tasks that increase students' interest and
motivation by relating or developing the content studied or interrelated content with their daily lives.
In the Courses of Study, it is stated that the content of Problem-based learning should be
implemented at appropriate times and in proper situations to increase the effectiveness of learning
based on the relationship with each content, and mathematical activities should be further
emphasized when implementing the content. The following is a summary of the contents of the
program. The study tasks may be placed at the end of each unit or after every unit, with the latter
being the case for content covering multiple fields. The former has the advantage of dealing with the
subject immediately after the end of the unit, and the latter has the advantage of allowing students to
feel the connection of mathematics.

The author and other research team members conducted a survey on how problem-based
learning is described in all 17 Mathematics | textbooks (from five different companies), which the
Department of Mathematics approves at upper secondary schools. As a result, they simultaneously
investigated whether the problem-based learning in each of the Mathematics | textbooks focused on
the world of everyday life and social phenomena or that of mathematics and categorized them as
"mathematics™ when they dealt with mathematical phenomena and "reality" when they dealt with
everyday life and social phenomena.

The results of this survey were as follows.

1. Numbers and expressions (23, reality: 16, math: 7)

2. Quadratic functions (30, reality: 17, mathematics: 13)

3. Trigonometric ratios (25, reality: 13, mathematics: 12)

4. Sets and propositions (10, reality: 7, mathematics: 3)

5. Analysis of data (19, reality: 16, mathematics: 3)

Overall, of the 107 pieces, 73 were "reality "and 34 were "mathematics.” In addition, 9 were
arranged as content integrating multiple disciplines. Since this paper focuses on the statistical
inquiry process, when looking at the field of data analysis, 16 out of 19 dealt with familiar themes.

The themes were as follows.

1. How can we effectively advertise based on the survey results?

2. Using data from national and regional surveys, look for local problems and develop

solutions.

3. Analyze the relationship between points won and standings based on data from soccer

match results.

4. Investigate the relationship between birds and wing area using data on various birds based

on the bird body mass and wing area data.

5. Correlation coefficients from physical fitness data

6. Examine the relationship between winter and summer temperatures.

7. Inferring data from analyzed results.

In this section, we will address the bird body mass and wing area issue. For this assignment,
29 bird species are shown in a scatter plot with weight on the horizontal axis, wing area on the
vertical axis, and a box-and-whisker plot of weight along the axis, as shown in the figure below (See
[9D).

| created a study plan using this assignment with the following two-hour dividend.

Page 61 of 82



The Research Journal of Mathematics and Technology, Volume 13, Number 2

Study Guidance Plan (2 hours dividend 50 minutes x 2 hours)

Hour 1

process

Study Contents and
Activities

matters that require attention

Form of study

Introduction
(5 minutes)

Confirm the issue currently.

simultaneous

2.

obtained in 1.

Let's also show a box-and-whisker diagram of body mass and determine how many

Data on body mass and wing area for 29 bird species are represented in scatter plots. Box-

and-whisker plots were also shown for body mass and wing area, respectively. (See [9])

Consider the following assignment.
1. Let's find out how many grams more than the body mass outlier is from the box-

and-whisker diagram of body mass.

Let's create a scatter plot again from the remaining data, excluding the outliers

grams more than the weight outlier is.

3. Summarize the correlation coefficients for each data and summarize what can be

said about the bird's weight and wing area from the results.

Data will be sent to individual
student's terminals after
assignment confirmation.

Deployment
(43 minutes)

Group together and work on
Issues.

Create scatter plots and box
plots using spreadsheet
software.

Calculate the zero-correlation
coefficient.

Consider the change in the
correlation coefficient.

Share it with the entire.

The group will discuss and think
about it.

The obtained outlier values,
scatter plots, and box plots will
be reviewed with the entire class.

Confirmation of how to obtain
correlation coefficients.
Assist students as you see fit.

Regarding the change in
correlation coefficients, why does
this phenomenon occur?

How should outliers be handled?
What are the criteria for outliers?
What statistics are most
susceptible to outliers?
Conversely, what statistics are
less vulnerable?

Encourage consideration of data
handling by asking questions
such as the following.

Group (about
four persons)
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Summary Reflections on the class Submit a Google form with your | individual
(2 minutes) reflections on the current
activities.
Hour 2
process Stud;;\(ég\r;itgzzs and matters that require attention | Form of study

Introduction
(5 minutes)

Confirm the contents at the
time before

Reflecting on the activities of the
previous period

simultaneous

Deployment
(40 minutes)

Understand the statistical
exploration process.

Explain the statistical inquiry
process, comparing it to the
activities of the previous period.

simultaneous

Using the data, let's set up a new issue and analyze it.

Set and analyze issues.

We are presenting new data.

It should also be

Assist them in finding more data, | possible to
working with different data, and | discuss the issue
other exploration issues. in groups.
Summary Reflections on the class Enter your reflections and the individual
(5 minutes) issues you set in the Google form

and submit.
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Figure 49 Boody mass and Wing area

The author found this issue very interesting and obtained the data*°. From that data, the

author used 31 data to create scatter plots using Excel and R. The primary tool for analysis is Excel,
a computer spreadsheet, but there is also R for statistical analysis software in addition to Excel. R is
a simple language that does not require variable declarations, etc.; coding is simple, so it is easy to

create. | felt that | would like to introduce it to my students. (See [10] and [11])
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From this data, students can calculate not only "body mass" and "wing area™ but also the
correlation coefficient between "body mass" and "wingspan" and between "body mass" and "wing
area" for different birds living in southern and northern regions by themselves. By developing such
activities, we believe that there is a possibility of developing biological exploration activities from
data analysis about the ecology of regions and birds, as well as physical exploration activities from
body mass and wing area. It is expected to develop into cross-curricular learning.

4.2 Consideration of Classroom Practice

In the current study guidelines emphasize the enhancement of statistical education. The
theme of "analysis of data" as a study content in the statistical field requires students to understand
the basic ideas of statistics, organize and analyze data, and identify trends using these ideas. The
learning contents are data scattering and data correlation. Let us examine the lessons from the
viewpoint of statistical education and ICT utilization.
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Problem Research, described in Section 4.1.1, is a practical example in which the
mathematical activities described in Chapter 2 of this paper can be practiced through a statistical
exploration process. The students have learned to capture trends by creating graphs about the
scattering of data and scatter plots about the correlation of data. In junior high school, students
learned how to capture trends in data through histograms and representative values under the theme
of organizing data, and they handled more data in senior high school. They had the experience of
making predictions about the scatter of data and relationships among data, analyzing and verifying
them, and finding further issues from them. In addition, they handled data from a solar power
generation system installed at the school to deal with concrete data from their immediate
surroundings. By using something familiar, the students were more motivated to learn, and they
were able to experience the benefits of using ICT. These were effective examples of enhancing
statistical education emphasized in the current Courses of Study.

By using ICT to process a large amount of data, they were able to find relationships and
confirm the results of previous studies to find out the characteristics of the area in which they live
and future issues based on these characteristics. This is also an example of how the real world and
the world of mathematics can be perceived as close to each other through analysis of data found in
familiar places.

The author believes that ICT is effective in conducting research using data in this way, and
Course, described in Section 4.1.2, is a case study aimed at developing a foundation for actively
using ICT to use data.

Problem-based learning, described in Section 4.1.3, investigated the theme of problem study
positioned as a summary in the "analysis of data™ of the field of study related to statistics, which was
emphasized in the revision of the Courses of Study and described one instructional example. Each
theme deals with a problem close to the students' hearts, and the content allows students to collect
multiple types of data according to their objectives, analyze them using statistical methods, and
conduct activities to discuss the process and results of the solution. As in Problem Research,
described in Section 4.1.1, students can use ICT to organize data into graphs and obtain basic
statistics such as variance, standard deviation, and correlation coefficient. Based on these, the
students can discuss the conclusions obtained while clarifying the rationale through questions from
the teacher and dialogue within the group and develop them into the next exploration topic. They
can also critically examine the data by considering the conditions of data collection, etc., or by
increasing the number of data further. If a survey was conducted in an inquiry activity, students can
use this experience to analyze the data. For example, students may be familiar with surveying and
analyzing the time spent using smartphones.

5. Summary and Future tasks

The use of ICT is found to be effective in analyzing data in the statistical inquiry process. As
students gain more experience in this process using ICT, they will be able to acquire methods for
analyzing real-world problems in the real world in the future. In the problem-solving process,
students will be able to review and modify the problem while planning, re-create and analyze graphs,
and sometimes re-collect data to reach a conclusion.

This paper introduces examples of ICT applications around data analysis in problem-based
research and problem-based learning in "Mathematics I,” where exploratory activities are conducted.
The theme of problem-based learning listed in the authorized textbooks is the theme of activities in
which students use the scatter plots and correlation coefficients they have studied to formulate
hypotheses about problem situations, collect data, and test their theories. As shown in the examples
of the practical application of the problem study, after analyzing data and deepening consideration
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of the hypothesis, students could discover new problems of which they were previously unaware and
engage in activities to formulate hypotheses. These experiences also lead to exploring conditions
and remedial measures to change from the current distribution of data to the direction considered
desirable to solve further or improve the problem.

ICT has the advantage that representative statistics can be easily calculated and visualized
for many data types. However, to use ICT to select appropriate statistics, graphs, and methods
according to the purpose and type of data in the statistical exploration process, it is necessary to
have a solid understanding of statistics such as mean, minimum, maximum, median, mode, range,
and interquartile range, as well as bar graphs, line graphs, and scatter plots, It is also necessary to
organize the purposes for which graphs, such as bar graphs, line graphs, histograms, box plots, and
scatter plots, are often used for what kind of data and for what purposes. These are also important in
enhancing statistical education and applying the learning to elementary, middle, and high schools.

On the other hand, in teaching statistical education, the Statistics Bureau of the Ministry of
Internal Affairs and Communications website™ is a good reference for obtaining information such as
data and teaching materials. Along with the deployment of tablet terminals, information on teaching
materials and tools related to statistics has also become more common. Data science is also
attracting a great deal of attention. The author also wants to utilize them and feels teachers must
learn to use data and practice. For this purpose, training, research, and the accumulation of practical
examples will become increasingly important in the future.

As for future issues, we would like to conduct further research on the enhancement of
statistical education and the use of ICT. We would like to devise practical examples of ICT-
enhanced classes on the concept of hypothesis testing, which leads to the content of statistical
inference. We would also like to study examples of ICT-enhanced problem-based learning in Math
Il and Math I11.

In this issue, we also discussed the use of ICT in the statistical inquiry process, which
focuses on supporting the development of mathematical content such as graph and graphic drawing
software, spreadsheet software, and programming languages to deepen mathematical thinking. Other
uses of ICT are those focused on setting up problems, using it in the stages of summarizing and
concluding, and diversifying summarizing, outputting, and expressing. It is also a future issue to
verify what kind of things, how to use them, and what educational effects they can have.
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Appendix
*1 Problem Research is an activity that presents an answer to an issue with a rationale. Students
set their assignments. Activities conducted by individuals or groups.
*2 Super Science High School (SSH) is a national project that has been implemented since 2002,
with the Japan Science and Technology Agency (JST) as the primary implementing agency, with
the objective of "conducting research and development focusing on science and mathematics
education to foster future global human resources for science and technology. SSH is an epoch-
making initiative in that it allows the promotion of science and technology human resource
development in specific schools to begin at the secondary education level and was established as a
symbolic project following the birth of the Ministry of Education, Culture, Sports, Science and
Technology (MEXT) following the reorganization of central government ministries and agencies.
The program was established as a symbolic project that symbolized the birth of the Ministry of
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Education, Culture, Sports, Science and Technology (MEXT) after central ministries and

agencies.

*3 For the Courses of Study, we referred to the "English Translation of the Courses of Study for
Junior High Schools (Provisional Translation)™" posted on the website of the Ministry of Education,
Culture, Sports, Science, and Technology

(Retrieved July 30, 2023,
https://www.mext.go.jp/a_menu/shotou/new-cs/youryou/eiyaku/1298356.htm).

*4 \We translated some image diagrams into English based on p. 26 of Reference [3].

*5 We thank Dr. Kozue Shiomi for providing data on bird weight, wing area, and wing opening
length. We thank her very much. The details of the data can be found at the following URL.:
https://sites.google.com/view/wing-data/home (viewed on May 16, 2023)

*6 The Statistics Bureau of the Ministry of Internal Affairs and Communications website

URL.: https://www.stat.go.jp/teacher/index.htm (viewed on August 30, 2023).

*7 In the "Problem Study and ICT Use in Mathematics Education” presented at ATCM 2023, we
have included a perspective from the statistical inquiry process, and the problem study proposed in
the textbook section on enhancing statistical education. We also included a study guidance plan for
teaching the class.

*8 The author would like to sincerely thank Dr. Wei-Chi Yang for allowing me to prepare such a

paper.
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