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Foreword
We hope that you, as friends and colleagues, your families, and your loved ones are all in 
good health and good spirits.

The Research Journal of Mathematics and Technology (RJMT) is a printed forum for the 
publication of selected papers from the Electronic Journal of Mathematics and Technology 
(eJMT: http://ejmt.mathandtech.org/). One of eJMT’s goals is to publish peer-reviewed 
papers demonstrating how “technology” can be utilized to make mathematics and its 
applications fun (F), accessible (A), challenging (C) and theoretical (T). 

This special issue contains papers from five selected papers from the Scopus-indexed 
Electronic Proceedings of ATCM 2023, which was held in Pattaya, Thailand. As you read 
these five papers you will see discussions of different areas of mathematics using various 
technologies. We hope these innovative ways of exploring mathematics will be beneficial to 
you and your students. As you do so, we encourage you to write about your experiences for 
future issues of eJMT. Instructions for preparing and submitting papers to eJMT can be found
online at https://ejmt.mathandtech.org/SubmissionGuidelines.html.

As this edition of RJMT is being prepared, the 29th ATCM (Asian Technology Conference in 
Mathematics: https://atcm.mathandtech.org/) is going to be held in hybrid format from 
December 8-11, 2024, which is to be in Yogyakarta, Indonesia. Thank you all for your 
continued support of eJMT, RJMT, and ATCM.

Mirosław Majewski Wei-Ch Yang
Guest Editor Editor-in-chief

https://atcm.mathandtech.org/
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Uniform Convergence on Iterations generated
by Special Convex Combinations of Parametric

Equations

Wei-Chi YANG
wyang@radford.edu

Department of Mathematics
and Statistics

Radford University
Radford, VA 24142

USA

Abstract

This is an expansion and modification of the paper from [6]. We discuss the conver-
gence of locus in the paper [5], which originated from a practice problem for the Chinese
college entrance exam. Next, we extended some results in [6] from 2D to 3D. We are
interested in the limit of a recursive sequence of loci that is built on a special convex com-
bination of vectors involving curves or surfaces. We shall see many interesting graphs of
uniform convergence of sequences generated by parametric curves and surfaces, which we
hope to inspire many applications in computer graphics, and other related disciplines.

1 Introduction and Motivation

In [5], the problem is to find the locus that is determined by two fixed vectors using bisection
theorem. In this paper, we discuss the proposed question of what will happen when we iterate
the locus sequentially, and would like to find the limit of such locus. In short, we shall see a
continuous deformation of an initial shape into a target shape, which is an interesting subject
in computer graphics. We shall see the limit of a recursive sequence of convex combinations of
vectors that involve curves or surfaces.
Original College Entrance Practice Problem: Given a unit circle centered at (0, 0)

and a fixed point at A = (2, 0). Let Q be a moving point on the unit circle C. Find the locus
M which is the intersection between the angle bisector QOA and line segment QA.
It is an easy exercise to verify that the locus of point M is a circle, which we leave as

an exercise for the readers. Moreover, it is natural to imagine when DGS and CAS tools are
available for students in a classroom as a project to explore, they may quickly pose ‘what if’
scenarios. We briefly state the following Exploratory Activity has been discussed in [4] and [5].
We then extend it to what we will focus on in this paper.

The Research Journal of Mathematics and Technology, Volume 13, Number 2

Page 1 of 82



Exploratory Activity ([4] and [5]): Given an ellipse C: [x(t), y(t)] = [a cos(t), b sin(t)], t ∈
[0, 2π] , and a fixed point A = (p, q) /∈ C. Let Q be a moving point on the ellipse (shown in
green in Figure 1). Find the locus of the pointM which is the intersection between the bisector
QOA and line segment QA.

Figure 1. Locus, bisection and an ellipse

We derived that
−−→
OM =

OQ

OA+OQ

−→
OA+

OA

OA+OQ

−→
OQ, (1)

where OQ =
∥∥∥−→OQ∥∥∥ = √a2 cos2 t+ b2 sin2 t and OA =

∥∥∥−→OA∥∥∥ = √
p2 + q2. We see that

the parametric equation for the locus M (t) can be plotted directly from Eq. (1) (see the red
curve in Figure 1 above) with the help of a computational tool. It should cause no confusion

throughout the paper that when t ∈ [0, 2π] , we often use −−→OM to denote the vector
−−−−→
OM (t),

OQ stands for the magnitude of
∥∥∥−−−−→OQ (t)

∥∥∥ when Q (t) is a parametric curve, and OA stands for
the magnitude of

∥∥∥−→OA∥∥∥ if A is simply a point.
It is natural to extend our exploration and ask what would happen to the plot of

−−−−→
OMn+1 =

[
xn+1(t)
yn+1(t)

]
=

OQn
OA+OQn

−→
OA+

OA

OA+OQn

−−→
OQn, (2)

when n → ∞, where −−→OQn =
−−−→
OMn, OQn = OMn =

√
xn(t)2 + yn(t)2, n ∈ Z+, and OA =√

p2 + q2. Consequently, consider the following extension with extra weights of coeffi cients r
and s as follows: We therefore, consider the following scenario with extra weights of coeffi cients
r and s as follows:

Theorem 1 Given a non-zero closed curve C: [x(t), y(t)], and a non-zero fixed point A =

(p, q) /∈ C. Let Q be a moving point on C. For r, s > 0, and
−−−→
OM1 =

s·OQ
r·OA+s·OQ

−→
OA +

r·OA
r·OA+s·OQ

−→
OQ, if we write the Eq. (2) as

−−−−→
OMn+1 =

[
xn+1(t)
yn+1(t)

]
=

s ·OQn
r ·OA+ s ·OQn

−→
OA+

r ·OA
r ·OA+ s ·OQn

−−→
OQn. (3)

Then
−−−−→
OMn+1 converges for some t ∈ [0, 2π] when n → ∞ if and only if either OQn =√

x2n (t) + y2n (t) + z2n (t)→ 0 or
−−−−−→
OMn (t)→

−→
OA for some t ∈ [0, 2π] when n→∞.
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